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A Notation

Table A.1: Notation.

Paths W, Treatments over the time periods 1,...,¢
wy Realized treatment assignments for time periods 1,...,¢
Vi Collection of all potential outcomes for time periods 1, ... ,¢
Y, Observed outcomes for time periods 1,...,¢
Intervention M The number of time periods over which we intervene
h Poisson point process intensity defining the stochastic intervention

. Expected number of outcome-active locations during time period ¢
Estimands Ny, N . . . . . .
for an intervention over M time periods, and their average over time

Expected change in the number of outcome-active locations
T comparing two interventions for time period ¢ and their average

over time

Esti M Estimated continuous surface the integral of which is used for
stimators ~
K calculating N;

Estimated expected number of points during time period ¢ for an
Ny, N intervention taking place over the preceding M time periods, and

their average over time

Estimated expected change in the number of outcome-active

~ ~

M, 7M  Jocations for time period ¢ comparing two interventions, and their

average over time

The set over which the number of outcome-active locations are
Arguments B
counted

B Theoretical Proofs

B.1 Regularity conditions

For € > 0, we use NV (A) to denote the e—neighborhood of a set A: N (A) = {w € Q) : there exists a €
A with dist(w,a) < €}. Also, we use 0B to denote the boundary of B, formally defined as the set of
points for which an open ball of any size centered at them includes points both in and outside B, i.e.,

OB = {s € Q such that, for every ¢ > 0, there exist sy, sy € N.(s) for which s; € B and s, ¢ B}.



Regularity conditions for asymptotic results when using the true or estimated propensity score
The following assumption includes regularity conditions which are used to show asymptotic normality

of the estimator based on the true or estimated propensity score:
Assumption A.1. The following three conditions hold.

(a) There exists &y > 0 such that |Sy,w,)| < dy forallt € T and w, € W'.

(b) Let vy = Var |:H§:t—M+1 ];h((vvg])) Np(Yy) | FZ_M} fort > M. Then, there exists v € R such that
J J

(T-M+1)"*S o Bvas T — oo

(c) There exists g > 0 and Q* € (1/2,1) such that

T
P (Z I(33 € Sy, mNaB(aB)) > TlQ*) — 0, as T — oo.

t=M

Assumption A.1(a) states that there is an upper limit on the number of outcome-active locations at any
time period and under any treatment path. In our application, it is reasonable to assume that the number
of insurgent attacks occurring during any day is bounded. In Assumption A.1(b), ﬁ: represents the ex-
panded history preceding W, 1, including previous treatments, all potential outcomes, and all potential
confounders. Given the assumptions of bounded relative positivity and bounded number of outcome-
active locations, Assumption A.1(b) is a weak condition, as it states that the average of bounded quan-
tities converges. Lastly, Assumption A.1(c) states that the probability that we observe more than 7~
time periods with outcome-active locations within a é g—neighborhood of B’s boundary goes to zero as
the number of observed time periods increases. Since the size of the boundary’s neighborhood can be
arbitrarily small, this assumption is also reasonable. Informally, Assumption A.1(c) would be violated
in our study if insurgent attacks occurred at the boundary of region B more often than during /7" time
periods. As long as the regions B are decided upon substantive interest, we would expect this assump-
tion to be satisfied. Alternatively, regions B can be defined by avoiding setting the region’s boundary at

observed outcome-active locations.

Regularity conditions for asymptotic results when using the estimated propensity score Next,
we formalize the regularity conditions on the propensity score model. These conditions are used for

establishing the asymptotic normality of the estimator based on the estimated propensity score.

Assumption A.2. Assume that the parametric form of the propensity score indexed by ~, f(W, =
w;, | Hy_1;7), is correctly specified and differentiable with respect to =, and let ¢(wt,ﬁt,1;7) =
% log f(W, = wy | Hi_y = hy_1;) be twice continuously differentiable score functions. Let ~y, de-

note the true values of the parameters, where 7 is in an open subset of the Euclidean space. Denote



Fi = F:_ Myl = {W 141, Y1, X1}, as in the proof of Theorem 1. We assume that the following

conditions hold:

1 (@) By [l (We, Hiio) 7] < o0

(b) There exists a positive definite matrix Vs such that

1 — _
f ZE’YO (¢(Wt7Ht—1;70)¢(Wt7Ht_1;’yo)T | -7:t—1> N V}as
t=1

1 o — _
(c) T ;E(’O [H'vb(WhHt—13'70)||2]<||¢(Wt,Ht—1;’Yo)H > eﬁ) | ]:t_l} 250, forall e > 0,

2. For all k,j, if we denote the k' element of the @b(wt,ﬁt_l;'y) vector by (wt,ﬁt_l; 'y) and
ijt = aizpk(Wt,ﬁt,l;q/)“m, then E. [|Pyji|]] < oo and there exists 0 < ry; < 2 such that

Zm v0 (Past = Eog(Pesi | Fi)[™ | Fia) 20

3. There exists an integrable function 1 (wy, hy_1) such that 1)(w;, hy_,) dominates the second partial

derivatives of ¥ (w;, hiq; 7) in a neighborhood of ~, for all (w;, hi_1).

Assumption A.3. Suppose that 1 (wt, hi_; 'y) are the score functions of a propensity score model that

satisfies Assumption A.2 with true parameters -y,, and

S(Et—lywtayt§7) = [ H M] Np(y:) _NBt<Fffw)~

j=t—M+1 ](w]”)’)
Then, the following conditions hold.

1. There exists u € RX such that

T
1 T7 R
m t:Z]M E90 |:5<Ht—17 Wt7 }/;7 70)/(,[)<Wt, Ht—l; 70) | ft—l] £> u,
0
2. If P} s(Hy—1, Wy, Yi;y)| , where ; is the ' entry of , then there exists r; € (0, 2] such
i Yo
that ’
1
> By (Pt = Eng (Pt | Fi)[7 | Fica) 2 0.
t=1



Remark A.1. Given the previous assumptions, Assumption A.3 is quite weak. We look at the two parts

separately:

1. For the k'™ entry, we can write:

1 r _ _
—_— |Eoo [s(Hi—1, W, Y v0) i (We, Hi—1570) | Fiea]| <
T—M+1 ;\; 0

1 a — —
< T——M—l—ltzj\; \/Eeo [s(Hi—1, W, Y5 %0)? | Fei] \/Eeo [, (W, Ht—l;’)’o)2 | Fia]

(Cauchy-Schwarz)

T

S 2(T M—|— 1 Z <E90 Ht 17Wt7}/;770) ’E*l} +E90 |:¢k(Wt;ﬁtfl;70)2 ’ Efl})

) 5
(2ab < a® + 1)

2L 04 Vil

[\ I

The proof that the first part converges to v will be shown in Equation (A.S), and the second part is
based on Assumption A.2, where [V, i, denotes the k'™ diagonal entry of V,,s. Since the expression
is already bounded at the limit, the assumption that it converges is reasonable. Furthermore, we

have that |ug| < 5(v + [Vpslki), where wy, is the k™ entry of u.

2. This assumption limits how much the derivative of s(hy_1, wy, yy; ) can vary around its conditional
expectation. As we will see in Lemma A.2, this derivative can be re-written as a sum that involves
three terms: the number of outcome active locations, the inverse probability ratios, and the score
functions. The first two of these terms are bounded, and Assumption A.2 already controls how

variable the score functions can be. Thus, this assumption is also reasonable.

B.2 Proofs: The propensity score as a balancing score

Proof of Proposition 1. Note that f(W, = w | e;(w), Hy_1) = f(W; = w | Hi_1) = e;(w) since e;(w)
is a function of H,_,. Therefore, it suffices to show that f(W; = w | e;(w)) = e,(w):

fWe=w | ef(w)) = E[f(W, = w | Hi—1) | ef(w)] = Elef(w) | e(w)] = ew). (A1)

]

Proof of Proposition 2.

f(Wt =w | WtflayTvyT)



B.3 Proofs: Asymptotic normality based on the true propensity score

=w | ﬁt—lawt—layT7yT) (Since Hy_1 C {W;_1, Y7, X1}
=w | ﬁt_l) (From Assumption 1)

(From (A.1))

]

Proof of Theorem 1. Note that the collection of variables temporally precedent to treatment at time

period ¢ is the expanded history ﬁ:ﬁl, defined in Assumption A.1. The expanded history ﬁ:fl is a

filtration generated by the collection of potential confounders X7, the collection of potential outcomes

Y, and the previous treatments, and satisfies H, , C H,.

Let err; = N pt(F),) — Npi(F),) be the estimation error for time period ¢ and lag M. We will

decompose err; in two components, one corresponding to the error due to the treatment assignment

(Ay,), and the other corresponding to the error due to spatial smoothing (As;). Since the bandwidth

parameter of the kernel depends on 7', we write K, instead of K. Specifically,

erry = H fh ]) /BZKI,T(w,s)dw—NBt(FéM)

L j=t—M+1 ‘7 s€Sy,

- H Jn(W, )NB(n)—NBt(F%)+

]tM—i-l] J_
N V 7

[ H fh ][/BZKbT(w,S)dw—NB(Yt)

j=t—M+1 J s€Sy,

. >l

A
We show that
1. VT (%MH Z;‘F: M Au) is asymptotically normal, and
2. VT (%MH ZtT: M Agt) converges to zero in probability.

Asymptotic normality of the first error.

(A2)

We use the central limit theorem for martingale difference series (Theorem 4.16 of van der Vaart (2010))

to establish the asymptotic normality of (7' — M +1)~* 37 Ay,

Claim. A, is a martingale difference series with respect to the filtration 7, = H,_,, ;.



To prove this, we show that E(|Ay|) < co and E(Ay, | Fi_1) = E(Ay | H, ;) = 0. For the first part,
Assumptions 2 and Assumption A.1(a) imply that A, is bounded and hence E[|Ay;|] < oc:

Hfh

gtM+19

|Ay| <

+ ’NBt(F,{” ) ’ < SMsy + 6y (A3)

For the second part, it suffices to show
{ I 2o
j=t—M+1 e; (W,
where the expectation is taken with respect to the assignment of treatments W, _p741).1.
j=t—M+1 e]( i)

{1, S

/ [ fh(w] NB<K<Wt—Mawt—M+17---awt)>x
M ej(wy) ~
+1

>
j=t—

NB(Yt) H,_ M} = Np(F),

Np(Y3)

H fh(a

W(t—M+1):t
fwe—prs | ﬁ:fM)f(wthJﬂ | HliM? Wi ) - X

Fwe | Hy_aps Wi a1 -1)) QW i)

_ / ﬁ Jn(w;)
PR ()

fwipria | H:—M)f(wt—M-‘r-? | H:—MH) e fwe | H:—O dw(—nr41y2
(because H, | = Hy, U{Wy1})

Np (Yt (W o, W a1, - - ﬂ%)) X

j=t—M+1

t
= /NB <Y;f (Wt—M7 We—M+15 - - - 7wt>> [’ H fh (w])] dw(thJrl):t (By Assumption 1)
= Npi(Fy"). @4

This proves that Ay, is a martingale difference series with respect to filtration F;_;.
Claim. (T — M +1)"' Y, B{A}1(|Ay| > ev/T — M +1) | Fiu1} 5 0 for every e > 0.

Let € > 0. Note that Ay, is bounded by dy (63 + 1) (see Equation (A.3)). Choose T} as

Ty = argmin{ev/t — M + 1 > oy (0ip + 1)}
teNt
Oy (O + 1)}2}

= argmin{t>M—1+[
€

teNt



_ {M— 1+ [—5’”(5% - 1)]1.

€

Then, for T" > Ty, we have that e/ — M +1 > e/Ig— M +1 > 5y(5% + 1) which leads to
I(JAy| > eVT + M +1) =0and E(A%I(|Ay| > e/T — M + 1) | F;_1) = 0. This proves the claim.

We now combine the above claims to establish the asymptotic normality of the first error. Since Ay,
has mean zero, (A3, | F;_1) = Var(Ay; | Fi_1), and since Np,(F}) is fixed,

Var(Ay; | Fi_1) = Var ( Jn (W, h Ny(Y,) | H;‘_M>
j=t—M+1 J J
which yields
T
1
————— > E(A}| Fia) B, (A.5)
T-M+1%~

from Assumption A.1(b). Combining these results, using that v/7'//T — M +1 — 1 and Theorem
4.16 of van der Vaart (2010), we have the desired result,

T
= 1 d
T <m E A1t> — N(O,’U)
t=M
Convergence to zero of the second error.

The second error compares the integral of the kernel-smoothed outcome surface over the region of inter-
est B with the actual number of points within the set 3. We show that as 7" goes to infinity, and since the
bandwidth of the kernel converges to 0, the error due to kernel smoothing also goes to zero. Specifically,

we will show that .
1 »
vr <T_—M+1 2 Azﬁ) o
t=M
Letc, = H;Zt_MH fn(W;)/e;(W;), and write

T

T_;]\sz\;ct / Z Ky, (w; s)dw — Np(Y;)

t= B SGSyt

1 T
_— A
T—-—M+1 > Ax

t=M
Then,

/B Z Ky, (w; s)dw — Np(Yy)

SESYt



= Z /KbTwsdw+ Z /KbTwsdw—NB(Yt)

SGSY NB SESY nB¢

- ¥ [ KbT(w;s)dw] / Ky, (w; s)dw — Np(Y;)
s€Sy,NB s€Sy,NBe

= Z /KbTwsdw— Z KbTws)dw
SESY nBe SESY NB

This shows that the error from smoothing the outcome surface at time ¢ comes from (1) the kernel weight
from points outside of B that falls within B, and (2) the kernel weight from points inside B that falls

outside B. Using this, we write:

T
e

T
1
m [ / KbT W, S d(JJ - Z e KbT(w,S)dWI
t= s€Sy, NB*

SESthB

Take € > 0, and @) € (1/2,Q*) where Q* is the one in Assumption A.1(c). Then, we will show that
P(T| 5= ST Asl} > €) = 0as T — oo, which implies that the second error converges to zero
faster than /7 (since Q > 1 /2).

p<TQ{

1 T
N4
T—M~+1 Z 2

1 €
SESY nBe¢ SGSYt NnB
§P<T e th 3 /KbT w5 8)dew > 2TQ>
SGSY nB¢

€
P T M+1th Z KbTws)dw>2TQ>
SESyﬂB

where the last equation holds because |[A — B| > ¢ implies that at least one of |A[, |B| > €¢/2. Also, since all

quantities are positive, we can drop the absolute value. Then, since ¢; < (5% from Assumption 2,

p(Tcz{ }>)

1
< -
_P<T M+1Z 2 /KbTws)dw>2TQ5M>+

t=M SGSY nBe

1 T
_ — N4
T—M+1 Z 2




Q

Figure A.1: Kernel-smoothed outcome surface, and points sY , s3** as the points closest to the boundary
of B that lie within and outside B respectively. The amount of kernel weight falling within B from
pomts outside of B is necessarily less or equal to the kernel weight from s (shaded), and similarly for

5y,

€
(T M1 Z Z KbT w; s)dw > 2TQ5%>'

t=M SESYt NnB

Use s9* to denote the point in Sy, that lies outside B and is the closest to B: 3 = {s € Sy, N B :
dist(s, B) = réme dist(s’, B)}. Similarly, s}? is the point in Sy, N B that is closest to B¢. These
s'e ;N ¢

points are shown graphically in Figure A.1. Because there are at most Jy- outcome-active locations, from

out

the definition of sy , 5y.", and because kernels are defined to be decreasing in distance, we have that

P(TQ{ }>e>
1 T €
<Pl—v Koy, (w3 88 dw > ——
= (T—M+1t:ZM/B br (3 8377 )dw 27@5%@)

T
1 : €
Pl | Kplwisf)do > o
* (T—M+1 br (3 55, “’>2TQ5%5Y>

t=M “ B*

T
_ . Lout G(T_M+1)
= P(Z/ K, (w; sy )dw > —QTQ5%5Y

s

1 T
N4
T—M+1Z 2t

t=M

T
in (T —M+1)
+P<Z KbT(W,SYi)dw > W) .

10



We show that B, B, converge to zero separately. Take By:

T T
out G(T - M+ 1) out 1-Q*
By = P<t:§M BKbT(w ;v )dw > “oT@soy t:EMI( € N;,(0B)) > T

T
’ P(Z 1532 € Ny, (0)) >T1_Q*>

t=M

T
ot e(T'—M+1)
+P<Z/BKbT(w7SYt )dw>W

T
D I(s% € Ny (0B)) < Tl—Q*>

t=M

T
" P(Z 1(s32% € N5, (0B)) STI_Q*>

t=M

From Assumption (c) we have that

(Z[ out ¢ Ns,(0B)) > Tl—Q*>

T
< P (Z 1(33 € Sy, mM;B(aB)) > TI—Q*> — 0,

t=M

and limy_., B is equal to

out 6(T—M—|—
7ll_I}I;OID<Z/I(bTC«L)Syt dw>W

Studying the latter quantity, we have that

T
Z I(s3"" € N5,(0B)) < Tl-Q*).

S 1552t € Ny (0B)) ST“Q*>

= T30y
S9N, (9B)
T
e(T—M+1) .
<P / Ky, (w;0)dw > —— 2 —T17¢
( ;:4 willll>ds (:0) 27903 oy )
South{SB (dB)
e(T—M+1) .
<P T—MH)/ Ky (w;0)dw > ———— "~/ _ 71-@Q
<( wi|wl|>dp ' 2TQ5€V45Y
e(T—M+1) .
( lwl>6s 2TR6M b,

11



out

where the first inequality follows from the fact that at most 7'~%" time periods had s¢** within dp of
set’s B boundary, and [, K, (w; s9**) < 1 for those time periods. The second 1nequa11ty follows from
the fact that during the remaining time periods s¢** was further than J5 from B and | 5 K (wys9h) <
oo gt Ky (Wi s3) = [ jwij>s Kbz (w3 0). The third inequality follows from not excluding the
time perlods with s9** € N, (0B). Finally, the last equality holds because there is no uncertainty in the
statement so the probability turns to an indicator.

Since by — 0 as T" — 0, there exists 77 € N such that by < dp and fw:lle>6B Ky, (w;0)dw = 0 for
all T' > Tj. Also, since % — T1=@" — o0, there exists 7, € N such that % — T > 1
for all 7" > T5. Then, for all T' > T, = max{7Ty, T>} we have that the quantity in Equation (A.6) is equal

to 0, showing that limy_,, B; = 0. Similarly, we can show that limy_, ., B = 0.
Combining all of these results we have that

p(TQ{ }) ~o,

as T'— oo, establishing that the second error converges to zero faster than 1/ VT. [

1 T
N4
T—M+1Z 2

t=M

Proof of Lemma 1. Define ¥, = [ﬁBt(F M )]2 — vf. Then, ¥, is a martingale difference series with
respect to F; = H,_jr,1 since the following two hold: (1) E(|¥,;|) < oo since V¥, is bounded, and
) E(¥; | Fioq) = E{ [NBt(F,y)}Q | ﬁ:ﬁM} v = 0. Also, since NBt(F ) is bounded we have that
Srea t?E(¥?) < oo. From Theorem 1 in Csorgd (1968) we have that

T T T
1 _ 1 A7 M 2_ 1 D
T 2 U oy & e BN - gy i B

]

We use the results above to acquire asymptotic normality of the estimator for the causal effect,
~ (M pMy.
TB(Fhl 5 th ).

Theorem A.1. Suppose that Assumptions I and 2 as well as the regularity conditions (Assumption A.1)
hold. If the bandwidth by — 0, then we have that

VT(7s(FM, FMY — m5(FY, EM)) % N(0,n),

as T' — oo, for some 1 > 0. Finally, an upper bound of the asymptotic variance 1 can be consistently

estimated by

T
2 *
t:M

12



Proof. In order to prove the asymptotic normality of Tz (F) ,{‘14 B ,{\24 ) we will rely on results in the proof of
Theorem 1 above. Take

Tee(FM YY) — (B, F;?f ) =

UL B - I B L sttt -

&
j=t—-M+1 7 j=t—M+1 5 s€Sy,

{ 10 m_ II W}NBM)—@AFK,%H

j=t—M+1 j=t—M+1 7
Clt
. L ]
W.

I1 ﬁ”((wf)) /ZKbT(w,s)dw—NB(Yt) -
Lj=i—ara “\Y3) LB o5y 1
C3

. L ]

I fhl((v‘;’a)) / S Ky (w,5)dw — N(Y)

Lj=t-n41 GV [ LYB ey, |
Ch

Following steps identical to showing /T [(T— M+1)"1 ZtT: M Agt] % 0 in the proof of Theorem 1, we
can equivalently show that /T [(T—M—i—l)_l STy C’Qlt} 2 0and VT [(T—]\/l—l—l)_1 S Ch 5.
Therefore, all we need to show is that /7' [(T ~M+1)7' S, Cu] KN N(0,n). We will do so by

showing again that '}, is a martingale difference series with respect to the filtration F;_;:
1. Since E(|A1t|) < oo, from the triangular inequality we straightforwardly have that E(|C},|) < oo
2. Since E(Ay|Fi—1) = 0, we also have that £(C,|F;—1) = 0, from linearity of expectation.

Then, using the triangular inequality and Equation (A.3), we have that C}, is bounded by 28y (63 + 1).
Then, for ¢ > 0, choosing Ty = argmin{ev/t — M + 1 > 20y (6} + 1)} satisfies that, for 7' > Ty,

teN+

E(C%I(|Cy,| > e//T — M +1)|F;—1) = 0. Combining these results, we have that v/T'[75,(F}M, FM) —
TBt<F}£\147F}{\24>j| - N<0777)
To show (7= M+ 1) S0 { [Fu (B, BT = B{ [rmu( B, FRD] [ _as} | 0. the proof
follows exactly the same way as the proof of Lemma 1 and is omitted here.
]

B.4 Proofs: Asymptotic normality based on the estimated propensity score

We will prove the asymptotic normality of the proposed estimators when the propensity score is esti-

mated using a correctly specified parametric model. We extend Theorem 4.16 of van der Vaart (2010) to

13



multivariate martingale difference series. To our knowledge, this result is new even though the related
results exist in the continuous time setting (Kiichler et al., 1999; Crimaldi and Pratelli, 2005). Under
some additional assumptions on the martingale series, we show that the solution to the empirical esti-
mating equation is also asymptotically normal. This result will be crucial in establishing the asymptotic
normality of the maximum likelihood estimator for the propensity score model parameters. Finally, we

combine these results and apply them to our specific context.

Theorem A.2 (Central limit theorem for multivariate martingale difference series). Let X; = (X1, Xo, . . .

be a multivariate martingale difference series with respect to the filtration F; in that E[X; | F;_1] = 0

and E[||X,||] < oo, where | X,|| = /X[ X, = /St X2,. Suppose that the following conditions
hold.

T
1
1. There exists positive definite matrix V € RE*X such that T Z E <XtXtT ] .7‘—1;71> Ly,
=1
L
2 7 ZE[HXtH?I(HXtH > eﬁ) | ;ft_l] 20, forall € > 0.
=1

Then, we have,

Proof. We will use the Cramer-Wold device. We show that for every o = (ay, an, ..., ax) € RE, it

T
1
holds that aTﬁ >" X, %5 aTN(0,V). If this is true, it is implied that
t=1

%ZT:)Q % N(0, V).

Clearly, if « is the zero-vector, the result is trivial. So we focus on vectors « such that ||a| # 0.

Define Y, = o' X,. First we show that Y; is a martingale difference series with respect to F;:

=
=

E(|Y3]) Z |k B(| X)) < Z ap| E(| X¢||) < oo, and

K
E(Y: | Fic)) =Y anB(Xp | Fioy) =

k=1

since X, is a martingale difference series with respect to F;. So Y; is also a martingale difference series

with respect to ;. Next we will show that the conditions of Theorem 4.16 of van der Vaart (2010) hold

14
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for Y;. For Condition 2 we will use the fact that e " is a rank 1 symmetric matrix of dimension K with

only non-zero eigenvalue equal to ||||?, and for that reason X,  aa’ X; = ||a|>X," X; = [|a||?|| X¢ ]2

1 T

T
i 1
Condition 1 T ; E(Y? | Fia) = T ; E(aTXtXtTOé | ft-l)
1 T
—a' ; E(XtXtT | ft,l)a 2 aTVa

(from the first assumption of Theorem A.2)

Condition 2 E[Yf[(ﬂﬂ > ey/n) \ft,l} _
= F [X;ozozTXt ](XtTozozTXt > 62n) | .7-}_1}

— B[l X2 T(lelPIX? > en) | Fos

€
_ Jlal?E [thw I (thu > —ﬁ) | f} 7

e
(From the second condition of the Theorem for ¢ = ¢/||a||)

Using Theorem 4.16 from van der Vaart (2010):

T T
1 1
aTﬁ > X, = ﬁf > Y, 5 N(0,aVa) £ a N(0,V).
t=1 t=1

]

Now that a multivariate central limit theorem (CLT) for martingale difference series is established,
we prove the next result which will be crucial in obtaining the asymptotic normality of estimators for the
propensity score parameters. To our knowledge, this result is also new in martingale theory, but a related

result in the iid setting is given as Theorem 5.21 of Van der Vaart (1998).

Theorem A.3 (Asymptotic normality of the solution to the estimating equation). Let § — s(x,0) =
(51(z,0),52(0),...,sx(x,0))T € RE be twice continuously differentiable with respectto § = (01,05, ...,0)" €
©, open subset of RE. Suppose that the following conditions hold.

1. s(Xy,00) satisfies the conditions of Theorem A.2 under 0o, in that there exists filtration F; such
that

(a) Ep,[s(Xt,00) | Fi—1] = 0 and Ey,|[||s(Xt,00)|]] < oo (and therefore it is a martingale

difference series),

T
1
(b) 3V € REXK positive definite such that T Z FEy, (s(Xt, 00)s(X;,00)" | ft—l) 2V, and

t=1

15



T
1 2 p
() = ;EQO [Hs(Xt,é’o)H 1<\|3(Xt,90)u > eﬁ> | ]-"t_l} 20, forall e > 0,

1 « )
2. T;Ego (WS(Xt,Q) %

| J-}_l) 2 Vy, for Vy € REXE invertible,

3. for all k, j, if we denote Pyj; = sk(Xy,0)| , we have that Ey,[|Pyji|] < oo, and there exists

0

0

00;
0 < 7; < 2 such that Z e Eay 1Pyt — Eoy [Prge | Feoa]™ | Fior) 20

4. there exists an integrable function 1/1(:70) such that @/J(x) dominates the second partial derivatives
of sk(x,0) in a neighborhood of 6, for all x, and k = 1,2, ... K.

IfVr(0) = % Zt 1 (X4, 0), and the solution to W (0) = 0, Or, is consistent for 0y, then

VT (9} - 90) 4 N(O, Vd—lwvd—l)T).

Proof. We extend the proof of Theorem 5.41 of Van der Vaart (1998) from the iid to the time series

setting. Since the conditions of Theorem A.2 are satisfied under 6y, we have that

% ET:S (X, 00) = VT Ur(6) — N(0,V).

~

We will use the Taylor expansion for the vector valued \IJT(@\) around 6y = (01, 002, . .., 00x)". To do

so, we define the matrix \IJ.T(G) € RE*K and array \I;T(G) € REXEXK of first and second derivatives as

. 0 1 0
[ Tw)] ki 00; er(0) 0 T; 00, k(X1 0) 0 and
. 82 1 82
v - 7 g ’ - X, ‘ ,
[ T(9>] ki 00,00, @), =7 ; 86,00, (X0, 0)],
fori,j,k = 1,2,...,q, where W, is the k" element of the ¥ vector. Then, we can write the Taylor
expansion as
U (0) = Ur(6o) + Wi (60)(Br — o) + Ur(67) (B — 6o, 0 — 6y), (A7)

16



where 6* is between §T and 6, and \I;T(G*)(é\T — 0o, §T — ) is a vector of length K with k' entry

K

Z [\I/T(Q*)] k”(é\Tj = 90j)(é\Ti — 0os),

7
ji=1 !

and 5%» is the i*" entry of 0. Therefore, we can write \I;T(Q*) (§T — 6y, /G\T —6p) as AT(aT — 6p) where Ar
is the K x K matrix which is the result of multiplying the tensor W (0*) with the vector @\T — 6 along

the second mode, and it has (%, ) entry equal to

[Ar]ki = 2[_(: [‘ﬁT(m] (Or; — bo;)

kji

For notational simplicity, we do not include 6* and é\T — #p in the notation of Ar. Since f is the solution

to U7 (f) = 0, and based on the above, we can re-write Equation (A.7) as

0= Up(bo) + Ur(80)(Or — 00) + Ar(Or — 6)
— — TU(6) = \/T[\I}T(eo) n AT} (Or — 6,)

— — VTUr(f) = \/T[qJT(eo) - %i Eg, ((%Ts(xt, 0))60 | fH) +

(.

-~

(%)

T
1 0 R
+ = ; Ey, (Ws(xt, 0))60 | ]—“t_1> + Ar ] (67 — o)
= (+)

We will show that the under-braced terms (K x K matrices) are op(1). For the first term (x), note that
it involves the average over ¢ of the F,;, terms defined in Condition 3 of the theorem. Clearly, we have
that By, [Prji — Eo, [Prji | Fi—1] | Fi—1] = 0, and we also have that

B, [| Prje — Eoy [Prje | Fi-1]|]

= Ey, { %Sk(){t’e) 0w Ey, L()iejsk(Xt,Q) " | ]:t—l] }

< LEp, { aiejsk(Xt,H) i } + Ep, {’E@O {%sk(Xt, 6) i | }}_1] } (Triangle inequality)
< Ep, { aigjsk(Xt,‘9> i } + Fy, {E@O { %Sk(){t’ 6) i | ]:,5_1] } (Jensen’s inequality)
= 2Ey, {’a%sk(Xt,@) ! } <00 (Condition 3)
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So the assumptions of Chow (1965) (Theorem 5), which is also stated in Stout (1974) (Theorem 3.3.1),

are satisfied and we have that
: 1 <& 0
() — =S By, (X ’ )

, \ ]—"t_lﬂ 5o0.

T

< T Z P(Xy),

t=1

0
9 _E (ae‘r (Xt7 )

Then for A1 we notice that

1 T

< =
T
t=1

82
50,00, "+ X0:0) ‘9*

kji

[6r07)

where the last inequality holds for large 7" because §T is consistent for §, and the parameter space O is an
open subset of R™ which imply that GT is within the neighborhood of 00 that satisfies Condition 4 of the
theorem with probability that tends to 1, and therefore so will 8*. Since ¢( ) is integrable, the right hand
side above is bounded with probability 1 from the law of large numbers. Then, using Cauchy-Schwarz on
[Ar|y; and since §T is consistent for 6, we have that [A7| 2 0 for all k, 7. Therefore, using Condition
2 of the theorem

—VTr(00) = VT [Va + op(1)](0r — 0y)

which, since Vj is invertible, implies asymptotically that
VT (§T - 90> 4 N(O, vd-lx/(v;;l)T).
O]

Theorem A.3 will be the basis for showing asymptotic normality of our estimators when the propen-

sity score is estimated using a correctly specified parametric propensity score.

Lemma A.1 (Properties of the time series score functions.). If Assumption I holds, and (wt, i1 'y)

are score functions that satisfy Assumption A.2, then

1. E,, [¢(Wtyﬁt—1;70) | Fiea] =0, Ey, [||¢(Wt7ﬁt—l;70)||] < oo, and

0 _ _
2. Ev( —— (Wi, Hi_1;v) | Fie 1) = E7<¢(WtaHt—l§7)¢(Wt7Ht—l;'Y)T | J-"t_l) which in

o1
1 « )
turn implies that T ;E’Yo < o T’l/J(Wt,Ht 1)

symmetric and therefore invertible.

| .E_l) LN Vs, for Vs positive definite,
Y0

18



Proof. First, we show that £, [sz (Wi, He—15;7%0) H} < o0o. From Jensen’s inequality we have that

B2, (19 (We, o 3o) ] < Eo |19 (W3, Hiio) 2] < o0

so this part is shown. The remaining of the proof follows steps similar to the ones in the iid setting while

conditioning on the corresponding filtration. Since 1) (wt, hi_1; '7) are the score functions, we have that

I;b(wtaﬁtfl;”/)f(wt = wy | Hy = Et71;7>

9 o . _ —

= % log f(Wt = Wy | Ht—l - ht—1;7):| f(Wt = Wy | Ht_l - ht_l; 7) (A8)
a __ —

:af(Wt =wy | Hyy = hi1;7).

Then,
v) | Ht 1] | Ht M} (Since ﬁ:—l 2 F:—M)

¥)/f
VW, =w, | Hi- 1)dwt} | H,_ M} (Assumption 1)
¥)f

[ 8 — —x .
/Tf(Wt = W | Ht_l;'y)dwt} | Ht—M} (Equathn AS)

where reversing the integral and derivative is valid using the Leibniz’s rule which requires mild regularity
conditions (continuity of the propensity score and its partial derivatives with respect to ). The last
equation is equal to zero since the integral of the propensity score over its support is equal to 1, and the
derivative to 1 is equal to 0.

To show the second part, we differentiate £, [t (Wt, H, y; 'y) | Fi—1] = 0 with respect to ~:

0 _
0= a’Y_TE‘Y [1/)(Wt7Ht71;'7) | ft&]
a = —5% ——x
_ &Y—TE7{E., [¢(Wt,Ht,1;7) \HH] |Ht_M}
B _ — — .
(()’Y_TEW{ /w(wtyHt—1§’7)f(m =wy | Hy—y;y)dwy | Ht—M} (Assumption 1)
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) _ _ — .
Eﬁ/{ / o |:'(p(wt, Hiv;v) f(We = wy | Ht,l;'y)}dwt | Hth} (Leibniz’s rule)

B{ [ q,b(wt,ﬁtl;y)a% [F OV = e | Hoi)| o | Ty}
+ Ea,{ / [%"‘p(wtaﬁt—l;')’)]f(wt = wy | Hy i v)duw | ﬁ:—M}

= E-y{ /":b(wtaﬁtl;'Y)"p(wt:ﬁt1;7)Tf(Wt = w | ﬁtfl;’V)dwt | F:—M}
(Equation (A.8))

+ E,y{/ [aasz(wt,Ht 1; ’7)]f(Wt = wy |Ft713’7)dwt |F:7M}
~ &, / @ (e, Hyoi ) (e Hyviy) W = wy | ) | Hy_y b

+E.y{/ [aasz(wt,Ht 1 7)]f(Wt = Wy |H:fl;7)dwt |H:7M}

(Assumption 1)

:EA,{EA, [¢(Wt,ﬁt_1;7)¢(Wt,ﬁt—1§7) } | H,_ M}
—l—EA,{E [aaT (WtyHt ;7Y ) ﬁ } |Ht M}
ZEW[w(Wt,ﬁt—ly )’l/)(WnHt 1Y ] (WtﬂHt 1’7) |H;M]

re
—_— —_— T | =% a —_— —=x
= L, |:¢(Wt7Htfl;'Y)'lp(WtaHtfl;’Y) | Hth} = Ev[— (97_T (Wt,th;’Y) | Ht—M:|'

From Condition 1b of Assumption A.2 we have the last result. [

Corollary A.1 (Asymptotic normality of spatio-temporal propensity score parameters). Consider a
propensity score model that satisfies Assumption A.2 and therefore the results of Lemma A.1 hold. Theo-
rem A.3 implies that the MLE of the propensity score parameters are asymptotically normal centered at

the true value and with asymptotic variance V!

s > AS in the iid setting.

Before we state our main theorem we establish a useful Lemma.

Lemma A.2. Aassume that Assumption I holds. Let 1 (wt, hiq; 'y) be the score functions of a propensity

score model that satisfies Assumption A.2 as in Lemma A.1 and F;_, be as above. For

s(Hi1, Wi, Yisy) = [ H M Np(Y;) = Npi(F'),

it holds that

_ _ 0 —
]- E"‘/O [S(Ht_hWt,}/t;’Y(])w(VVt,Ht_l;"}’()) |E—1:| - _E’YO [%S(Ht—lawhn;q/)

| E—1:| )
Yo
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5 _ ¢ £ (w;) ¢ B
2. ——s(hi-1,w, yi5v) = —Np(y) T Yi(wj, hj-1;7y), where we use
O 't]—;\[/[-&-l ¢ (w53 7) jt—z]\;—i-l (s B )

Y, (wj, Ej,l; 'y) to denote the I'" element of the 1) (wt, i1 ’y) vector, and

0

a_%8<ﬁt—la W, Yi;7Y) is equal to

0
3. similarly v
Ym

] T A 2wt

=t—M+1 € (wj; 7) =t—M+1 '™

=t—M+1 =t—M+1

Note: s(H,_1, Wy, Yy;~0) is the term Ay, in the proof of Theorem 1.

Proof.

*

1. We will show it for M = 1, and the proof for M > 1 is similar. For M = 1, 7, | = H, ;| =
{W,_1, Y7, X1}, we consider
Ly, [S(ﬁt—hm,}/};’)’o)@b(Wt,ﬁt—l;%) \ -Ft—l]

S(Htflawta th§70)1/)(wt7ﬁt71;'70)f(wt = wy | Fy—1;v0)dwy

S(Hp—1, we, Yi;v0)¥ (we, Hi—15%0) f(Wy = wy | Hy—1 = hy_1;v0)dw;  (Assumption 1)

dw, (Equation (A.8))

Yo

v
[S(Htflawta Yi;v0) f(We = wy | H,_ = Etfl;’Yo)} dw;—

/
/

= /s(_t_hwt,}ﬁ;’)’o)if(wt =wy | Hiy = hi157)
/

f(Wt = w | H75—1 = Et—l§70)dwt

Yo
0 _
N /% [S(Ht—17wt,Yt§’)’0)f(Wt = wy | Ft—l?’)’o)} dw;—
0 — .
- / s (g wn ¥am)| S0V = i | Forsp)du (Assumption 1)
Y0
= OB [s(He Wi Yiy) | Fd] | = By | s i) | i
8’7 Yo 8’7 Y0
0 —
=—-F —s(H,_ Y:: Fi_
~Yo {378( t—1, Wi, t;'Y) 70| t 1}

where the last equation holds from Equation (A.4). This shows that the expectation is 0, so the

derivative is also O.
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Note that at the second line of the proof, we would also need the distribution of Y; given the
filtration F;_; and the treatment at time period ¢, W, = w,. However, given both F;_; and W, the
variable Y} is no longer random, and it is equal to its potential value Yt(Wt,l, wy), where W, qis

specified in F;_;. We refrain from explicitly including this in the proof for simplicity.

o
a—,ﬂb”(htfl; We, Yt; 'Y)

AP

:NB@»L 11 fh<wj>] 0 1 ]

_(‘9% Hz‘:t—MH ej(w;;y)

—t—M+1
Tt 1211 ej(w;;y)
> =t—M+1 €\ Wy
= —Ngp(y1) H fu(wy) | T ; : 2
Lj=t—M+1 . [Hj:t—M+1 ej(wj;'Y)]

t

- - |
= —Ns(y) H Tu(w;) | oy Llj=t—nia e;(wj; )
v G | Tl v e (wsiy)

1 & el
——New) | ] S (w;) 3 5% (053 7)

t
= —Ng(y) H M Z ¢l—1(wjaﬁj—l;7)' (Equation (A.8))

1 j=t—m+1

3. Following a similar procedure we have that

g 0 -~
S » W, Yt
87m 8’71 ( t—1, Wt, Yt ’7)

= —Nb(y) { [% ' H M] 4 ¥1(w;, hj-1:y)
i h\Wj 8 i —
+ L H nl : ) ] [a%n | ¢l(wj,hj—1;7)]}
:_NB(yt){_L H %] [ Z ¢m(wjﬁj—1;’)’)] L Z ¢l(wj7ﬁj—1§'7)]

t fn(w;)
e

5 o]

=t—M+1
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:—NB@t)L I1 MH[ > %Tﬂl(wﬂj—ﬂ)

=t—M+1 ej(wj; 7) =t—M+1 m

B [ zt: o (w03, 7 1:7) Li ‘bl(wj’ﬁj‘“ﬂ”

=t—M+1 =t—M+1

Corollary A.2. Part 1 of Lemma A.1 holds for any function s(H,_,, W, Y;; ) for which
E, [S(Ft—la Wi, Yiv) | ]:t—l} = 0.

(The proof is identical, hence it is omitted.)

We remind one last result from real analysis which we will use in our theorem. We state it here
to avoid unnecessarily complicated notation in the proof of the main theorem. The result extends to

multivariate functions.

Remark A.2. For a function f : R — R differentiable, if |f'(z)| < a forz € (xg — €,z + €) and some

ainRY, then | f(x)| is also bounded on (x¢ — €, xo + €).

Proof. The proof is straightforward using Taylor expansion:

f(@) = flzo) + f'(@")(x — x0) = [f(2)] < [f(zo)| + cre.

O

Now we can prove our theorem on asymptotic normality of the causal estimators using propensity

scores that are estimated based on a correctly specified propensity score model.

Proof of Theorem 2. We will use Theorem A.3 to show asymptotic normality for the causal estimator
based on the estimated propensity score model.

Remember that H, = {W, Y, X, 1}. Then {H, |, W,,Y;} = H, \ {X,_1} is the set of ob-
served variables until (and including) the t** outcome. Let i1 € R and v € R¥ be the parameters of the
propensity score model with score functions 1 (wt, hiq; 'y), and define @' = (u,~"). Again based on
Equation (A.2), we will show the asymptotic normality of the estimator that excludes spatial smooth-

ing. We will them prove that the spatial smoothing does not affect estimation asymptotically because it
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converges to zero faster than 7~'/2. Focusing on the first part of the error, define the K + 1 vector

t fn(W5)

¢(Wtaﬁt—1; ’Y)

S(ﬁt—hWt,Yt ; 9) =

Np(Yi) = Npo(F) = p _( Ay —p >
¢(Wt,ﬁt71§’7) ’

where Aj; is defined in the proof of Theorem 1. We again work with the filtration F, = ﬁ:ﬁ Myl =

{W _nr+1, Y1, X1r}. We will show that the conditions of Theorem A.3 hold.

Condition 1a We wish to show the expectation of s conditional on the filtration is 0. Since we showed

in the proof of Theorem 1 that

T A
E{ L:tl—_J\I/IH ¢;(Wi )

we have 8] = (p0,7v7) = (0,7, ), where ~y, represents the true value for the parametric propensity
score. Then, based on Lemma A.1, we have that Eg, [s(H;—1, W,,Y, ; 6y) | Fi_1] = 0. Also, from

Jensen’s inequality we have that

NB(Y;) ‘ ]:t—l} - NBt(Fi{V[)v

Ezo [HS(Ft—l,Wt,Yt; 90)|H < Eg, [HS(Ft—l,Wt,Yt; 90)”2]
= Eeo(AiJ + E90 {H’l:b(wt:ﬁtfH'YU)HQ} <00

where the first term is finite because Ay, is bounded as shown in Equation (A.3), and the second term is

finite based on Assumption A.2.

Condition 1b Since all terms are under the 6y-law, we work with 1 = o = 0. We have that

Eeg, <5(ﬁt717 W, Yy HO)S(FtA, Wi, Y, OO)T \ «/T"t71>

FEe, [A%t | f';f—l} L, [A1t¢(Wt’ﬁt—1;70)T | ‘E_l}
FEe, [Alt":b(Wtathﬁ'YO) ‘ «thl] FEy, [¢ (Wtaﬁtfﬂ70)¢<Wtaﬁt71§70)—r | JT_-tfl}-

T

Equation (A.5) implies that (7' — M + 1)~* Z E@O 2| Fie 1} 2 . In addition, due to Assumption

t=M
T

A.2(1b), we also know that (T — M +1)~* Z (¢ (W, He1;70) % (Wa, Hy_137%0) | ]—"t_1> 2 Vs

Lastly, Assumption A.3 implies that (T — M + 1 Z Eoy[Autp (Wi, Hy—157%0) | Fi1] = u. Since

t=M
all the entries of the matrix converge, we are left to show that the resulting matrix is positive definite.
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However, since

A%t Aptp (Wt7 ﬁt—l; ’)’0)T
Aptp (Whﬁtfl;')/o) ¢(Wt,ﬁt71;70)2

is positive definite (easy to check by taking vector € R¥, not all zero, and showing that =" Mz > 0),

we have that

UU,T

u Vps

will also be positive definite.

Condition 1¢ Take € > 0 and write

T
Eoo [Is(H—1, Wi, Yy 5 )12 ||s(Hy—1, W, Yy 00)| > eVT) | Fioy
T—-M+1 M+ 1~ [ ( ) ]
1 T B B
= T 2 B (AR I OV Foss) D) (434 96 (W2, i) P > €T) | i
t=M
1 4 B
- T——]W—f—l Z EGO [A%t I(*A%t + H¢(Wt,Ht—1;’Yo)H2 > €2T> | ~7:t—1]
t=M

T
1 = —
T §4E90[“¢<Wtﬂtl;%)|\2 1(11 (We, Heii o) I > €T = A43,) | Foos

We start with the second term: Since A%, cannot exceed (63*dy + dy)? based on Equation (A.3), we

have that

T

1 _ _

ToMEl > Ey, [H".D(WtaHtfl;’)’O)Hz I<H¢(Wt>Ht71§7O)H2 > T — A%t) | ]-“t,l]
t=M

T
1 _ _
< Tl t§4 Ey, [H@E(Wn Hi—1;7%) |7 I(HTP(Wt, Hi ;%) > \/62T — (6X 6y + 5Y)2> | ft—1] 2o,

based on Assumption A.2 and since (5% dy + dy is fixed.
For the first term, since I(A?, + ||[¢ (W;, Hi—1;0)||?) > €T implies that at least one of A?, and
|4 (W;, Hy—157v0)||? is greater than ¢2T'/2, we have that

I(A3, + [ (We, Hi1s%0) |17) > €T) < I(A3, > €T/2) + I([| (W, Hi—;v0) |7 > €T/2).
This leads to

Egy [ 43 143, 4 [ (W Heiiwo) P > @T) | i
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< By, [Aft J(Ai > 8T/2> | ]—"H] + By, [Aft I(Hzp(wt,ml;%)H? > 62T/2> | fH].

In the proof of Theorem 1 we have already shown that because Ay; is bounded we have that

T—;J\mti;% {Ai I<|A1t\ > %ﬁ) | ft_l] %0,

and we want to show that

T
T—;]W—i-l Z L, [Ai: ]<||¢(Wtyﬁt—1;70) 1? > E2T/2> | ]—“t_l] 2.
t=M

We write

Ey, [A%t I(H@D(Wt,E_l;%) 1 > eQT/2> | ]—"t_l]
= L, [A?t f(H‘ﬂ(Wt?ﬁtfl;%)llQ > 62T/2) | A%, < Hlﬁ(wtﬁm;v)lﬁﬂfl} x
x P(AY, < |l (we, hy—y; %) 1P | Froa)+
+ Egy [A?t I(Hi/’(Wt?ﬁt—l;’Yo)lF > 62T/2) | A3, > Ht/)(wtﬁt—l;’r)lﬁft_l} X
x P(AZ, > [ (wi, hyy; )17 | Fia)
< Boy 19 (W, Hosi o) 12 1 (118 (W, Heis 30) I > €T/2) | A2 < 1 (s B ) 2, Fica |
x P(AY, < |l (wr, 13 ¥) |* | Fir)+
o+ By, [A3, (1143, > €T/2) | 43, > |19 (w0, s 9) |12 Fia ],

where again the average over time of the last term will be converging to zero in probability since Ay, is

bounded and using similar arguments. Using the law of total expectation we can write

Bgy I (W, Hioi o) I2 1 (o (We, Hioiyo) I2 > €T/2) | Foca
= By [ (We, Heesi o) I £ (I (We, Heoii) I > €T/2) | AL < o T ) 1% Fic |
x P(A3 < Jap (e, Bz y) I | Fioa)+
By |1 (Wa. Hessqo) I? 1 (I (Wa, Hessmo) I? > €T/2) | A3 2 b (i, heoss ) I, Fia |
X P(AL > |4 (we Fuss ) I | Fia)
> By 146 (We, B o) I 2 (1 (We, Hii) I > €7/2) | AF, < o (T ) 12 Fic |
X P(A3 < |4 (s s ) I | Fico)
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Since all the terms in the expectations are positive and since (from Assumption A.2) we have that

1 a _ _
T_—MHtZZMEeo [HQP(Wt, Hi ;%) ]<||¢(Wt,Ht_1;’Yo)||2 > €2T/2> | E—l} 50

we also have that
T
1
TP
t=M

Ej, [H@ZJ(Wt,th;’)’o)HZ I(\W(Wt,ﬁtq;’)’o)w > €2T/2) | A}, < ||¢(wt,ﬁt71;’7)u2a]:t71} X

x P(A%, < |19 (we, he—157) || | ft—1)} 20

which completes the proof that Condition 1c holds.

Condition2 Wedenote 87 = (0,,0,,...,0x.1) = (u,~") and use s, (H,_1, W;,Y; ; 0) to denote the
k™ entry of the s(H,_1, W,,Y; ; @) vector. We note that

" —1 5Zrsi(Hia, W, Y5 0
%S(Ht—l,Wnl@;G)zl 0 gy S1(Heo1, We, Yo s )]

Miﬂb(Wt,th;’Y)

Lemma A.1 implies that (T—M+1)~1 ZtT:M E,, [a%ﬂ,b (Wi, Hi—157)
Assumption A.3 and Lemma A.2 imply that

| .7-}_1] — —V,, (invertible).

Yo

| fu)
6o

T
=—(T=M+1)7") Eg, [s1(Hi1, W1, Ys ; 00)9 (W, Hi—1;vo) | Fii]
t=M

T

0 _
(T—M+1)"" Z Eg, <&Y_T51(Ht17 WY 0)
t=M

— —Uu .
Putting these together we have that

0

Ws(ﬁtfla Wi, Yy 9)

(T—M+1)1§:E90[

» | -1 —u
‘ ftfl —
6o 0 —Vps

Since V), is invertible and the first row is the only one to have a non-zero first element we have that this

limit matrix is invertible.
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Condition 3 We want to show that forall k,j = 1,2,..., K + 1, if we use F;; to denote

0 _
ijt = _Sk(Ht—la Wi, Yy 9)

89j 907
then Eg,|Pyj:| < oo, and there exists 0 < 7; < 2 such that
L1
> - Eoo[ | Pt = Ea, (Pt | )™ | Fia] L 0.
t=M

For k, 7 > 2, this is given by Condition 2 of Assumption A.2. For j = 1 and k£ > 2, we have that

0 _
a_elsk(Ht—la Wi, Y 9) =0,

so the result holds for any ;. Similarly, for £ = j = 1, we have that

0 _
a—elsl(Ht—bWuYt ) 9) = -1,
so the result holds for a value 1; € (1, 2]. Therefore, it is left to show that it holds for k = 1 and j > 2.
For £ = 1 and j > 2, the condition that there exists 0 < r1; < 2 such that

T
1 .
> ——Eg,[|Pyjt — Ee, (Piji | Fon)|™ | Foea] 50

1A
t=M

is given by Assumption A.3. So we are left to show that £(|P;;;|) < co. Lemma A.2 implies that

0 _
Pljt = 5’)’]‘—1 81(Ht—1, Wi, Yy 9) 6,
= —NB(Yt) ﬁ %] i (I} (Wt’,ﬁtul;’?’o)
t=t—M+1 ev (Wi %) t=t—M+1

t

= | P < Sy oy Z "%[’j—l(w@,ﬁt/—l;’)’o)‘
f=t— M1
t
= FEp,|Pijt| < 0y iy Z E’yo"l/)j—l(Wt’aHt’—IQ’YO)‘-

t'=t—M+1

Since

2
E’Yo

'l,bj_l (Wﬂ, Ft’—l; "Yo) ’ < Eam |:'l7bj_1 (Wt’ , Ft/—l; 70)2:| (JCI’ISCn’S inequality)
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< By, [lIpj-1(We, Hu—15%0) |IP] < o0, (Assumption A.2)

we have that E| P ;| < oo.

Condition 4 We want to show that there exists integrable function w(x) which dominates the second
partial derivatives of s(hy_y,w;, 1, ; 6) in a neighborhood of @, for all (wy, hy_1,1;). We consider
derivatives of s(hs_y,wy, 1, ; @) with respect to ,,, 6;. For k,m, 1 > 2,

00 -~ o 0

9 (P ) = — 2% (wy Ty
em QZSk( t—1, W, Yt 5 ) Y1 ’Yl—lq’bk 1(wt7 t 1)7)

where ¥, (Wt, H, 1; 'y) is the £ — 1 entry of the W,/J(Wt, H, 1; 'y) vector. From Condition 3 of As-
sumption A.2, we know that the above is dominated by an integrable function. For £k > 2 and if [ = 1 or
m = 1 we have that the second partial derivative is equal to 0, since

0

_ 0 —
a_&Sk(htflawtayt ; 0) = a—’ulpkq (wt, htq;"/) = 0.

So for k > 2, all second partial derivatives are dominated by the function in Condition 3 of Assumption
A.2. Then, for k = 1, if at least one of [ = 1 or m = 1 we have that the second partial derivative is also
Z€ero, since

o - 0 -
a—elsl(ht,bwt,yt ; 0) = @Sl(ht—hwtayt 3 0) =—L

So we need to show it only for £k = 1, and [, m > 2. From Lemma A.2 we have that

0? —
90 aglsl(ht—lawtvyt; 9)
- T fulwy) : 9 T
) Lt]—;\[/[—&-l ej(wj;’)/)] { [§4+1 8%”_1%_1 (w]’h]_l’y)]
- [ Z "/’m—l(wj,ﬁj—h’)’)] L Z ¢l—1(wjaﬁj—1;7)]}
j=t—M+1 j=t—M+1

Because of Assumption A.1(a) and Assumption 2 we have that

t

fn(w;)

|INg(y)] <dy and 0 <
j=t-dry1 © (wj;y)

< o,
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which implies that

o h . M d 0 -
99,00, - 9)’ = j:tZMH oy P (0 B )|
+6Y§% Z ¢m l(wJ’ Jj— LY )Ipl 1(wj7 ]7177)
7,7 =t—M+1
t
ﬁ' Z 5Y5M‘8'7 Y- 1( hj— 1,’)’)‘—}—
j=t—M+1

+ Z 5Y5%‘¢mfl(wjaﬁjfla )¢l 1(?1)3 7h/ 17’7)‘

G’ =t—M+1

We work first with the first term. Since the summation is over M terms with M finite, we only need
to study the quantity in the absolute value. We know from Assumption A.2 that the second partial
derivatives of 1 (wt, hi_1; ) are dominated by w(wt, By 1) in a neighborhood of ;. Assume that this
neighborhood is the e—ball around =, (this always exists since a neighborhood is an open set around ;).
Then, from Remark A.2 we know that

0
a’Ym— 1

Y1 (wj, hj_1;7) N + € K (wy, hy—1),
0

T!’l—l(wg‘,ﬁj—l;’)’)' < '3’Ym—1

where the K appears because we consider all K second partial derivatives which are all bounded by w
From Assumption A.2(2), we have that the quantity on the right has finite expectation and is fixed in ~.
Therefore, it is an integrable function that dominates the first partial derivatives of 1) (wt, hi1; 'y) in a
neighborhood of ~y, for all [, m. Denote the maximum of these functions over [, m by 1}1 (wy, hy—1).

We now turn our attention to the second term. Since (using again Remark A.2)

’¢m—1(wj7ﬁj—1§7)‘ < W)m—1 (wjaﬁj—1§70)’ +ekK 1/;1(wt,ﬁt—1);

and F., [‘¢m—1 (wj, Ej_l; 'yo) H < oo from Assumption A.2, we have that this quantity is also dominated
by an integrable function that is constant in 4. Denote the maximum of these functions over m as
w2<wt>ﬁt—1)~
Putting these together we have that
82
00,,00,

_ “ _ . _ 2
s1(he_1,we, yr 3 0)] < MOy Siiaby (wy, hy_1) + M?Sy 0iyr [wz(wt, htfl)] ;

where the right hand side is integrable. By defining taking the maximum of the quantity on the right
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hand side and @Z(wt, hs_1) for each (wy, h,_1) we have that the condition holds using this new integrable

function.

Consistency of the solution The last condition of Theorem A.3 that we need to show is that the so-
lution to ZtT: v S(Hi—1,W;,Y; 5 8) = 0 is consistent for 6. Since the estimator of the propensity
score parameters based on the score functions are consistent, we only need to show that the solution to
ZtT:M s1(H;_1, Wy, Y, ; @) = 0is consistent for y = 0.

Since the estimator based on the true propensity score was shown to be consistent in Theorem 1, the
propensity score estimators 4 are consistent for 7y, s;(H,_;, W,,Y; ; 0) is a continuous function of the
propensity score which is itself continuous in =, using Slutsky’s theorem we have that the solution to

Z;‘F: v S1 (H,_1,W,;,Y; ; 8) = 0 using the estimated propensity score parameters is also consistent.

Asymptotic normality of the estimator without spatial smoothing Since the conditions of Theo-
rem A.3 are satisfied, we have that the solution §T to EtT: o s(H,_1,W,,Y;; @) = 0 are asymptotically
normal with

VT (§T - 90) 4N (0, V),

where Vo = A"'B (A1) for

-1 —ut

OK _‘/;)S

A= and B = (A.9)

As a result, focusing on the first entry of f and since 1o = 0, we have that

ﬁ{<T_M+1>—1zl [T LU v —Na(E)) = N (0.09),

t=M L j=t—M+1 ¢;(Wiiv)

(.

~
estimator without spatial smoothing

where v¢ = [Vp]q; is the (1, 1) entry of Vj.

Asymptotic normality of the estimator with spatial smoothing To prove the asymptotic normality
of the estimator with spatial smoothing (our proposed estimator in Equation (8)), we again decompose

the estimation error in two components like in Equation (A.2) for the proof of Theorem 1. We write

em_[ﬁ FAUOR

N J/

NV
A1g

Np(Y:) — Npi(F))
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+

ﬁ ”/ZKbTwsdw—NBm)

Jj=t—M+1 j s€Sy,

N J/

A2t

where we use the parametric propensity score. We showed the asymptotic normality based on Ay;, so
we are left to show that /T <(T -M+1)' A2t> % 0. In the proof of Theorem 1 we already
showed that the above result holds. The proof there can be directly used here also if the known propensity
score is used (instead of the estimated one). By re-defining the terms ¢, defined there to use the estimated

propensity score as
t

Su(W5)

“ _J tl_]\[4+1 e;(Wisy)
it suffices to show that ¢; is bounded, and the steps of the proof with the known propensity score will
follow identically. But since the propensity score e;(w;~y) is continuous in « (since it is differentiable),
the function 1/z is continuous for x > 0, and f, (w;)/e;(w;;v0) < dw then ¢; will be bounded in a
neighborhood of ~,. And since 4 = 7o, 4 will be in the neighborhood of -, with probability 1 as T
increases, so ¢; will be bounded.

Putting these results together we have asymptotic normality of the spatially smoothed estimator and
VT (NB(FhM) - NB(F}V)> 4N (0,0°).

]

Proof of Theorem 3. The asymptotic variance v® corresponds to the (1, 1) entry of the matrix A~!B(A™!)
where A, B are defined in Equation (A.9).

1 W7 B vou' 1 u' il
Ale(Afl)T —
L OK ‘/ps U Vps OK ‘/;78
B 1 uTV;,;l voul 1 Ox
0 V! u Vs Vil V1
B [ v — uTV;; u O 1 . ]
- -1
_ Vilu
_ | v u'Vitu ]

sov¢ = v — uTV;;lu, and since V), 1s positive definite and therefore V;;l 1s positive definite we have
that u"V,;'u > 0 and v° < v. O
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B.5 Asymptotics for an increasing number of independent regions

All the asymptotic results that have been discussed up to now correspond to the scenario where 1 region
is observed repeatedly over time, and the asymptotic properties are derived when the number of time
periods 7' increases to infinity. However, there might also be interest in situations where the number of
time periods is fixed, but there exist an increasing number of independent-acting regions.

Here we consider this related but separate scenario. We start by defining relevant estimands in this
setting, ensuring that these new estimands are as closely comparable to the estimands in the manuscript.
We propose similar estimators, and derive the asymptotic properties of the new estimators when the

number of regions R goes to infinity.

B.5.1 Estimands for independently-acting regions For this scenario, we decompose the treatments,
potential outcomes, outcomes, and history over all the regions to region-specific components and write
wy = (w1t7w2t7 cee ,th), wy = (Elhm%; . ,th), Yt(wt) = (Ylt(ﬁt), YQt(wt), .- 7YRt(mt)), Y, =
(Y, Yar,...,Yr)), and H, = (Hy;, Hyy, ..., Hg,), where H,, = {Wm?n,fr(tﬂ)}. We make the
following assumption that describes that the regions do not interfere spatially, and that treatment assign-

ment is local within regions:
Assumption A.4 (Independently acting spatial regions). We assume the following:

1. For w;,w, such that w,; = w.,, we have that Y,;(w;) = Y,.(w,) (and a similar assumption for

rt’

the time-varying covariates), and

2. the treatment assignment of region r at time t does not depend on unobserved potential outcomes
or potential time varying covariates, nor on any information from other regions, denoted as W,; |
1 Htflu yT; XT ‘ HT(t—l)-

This assumption allows us to denote potential outcomes using their region-specific treatments only, and
write Y;(w;) = (Yi:(W1¢), Yor(Way), - - ., Yre(Wre)). It also allows us to think of the R regions as com-
pletely separately acting regions, as outcomes, covariates and treatments of one region do not depend on
any information of any other region. Based on this assumption, we can use ), to denote the collection
of potential outcomes for region r over all time periods and for any regional treatment path (and similarly
for covariates).

For the purpose of this section only, we also assume the temporal carryover effect is limited to up to
some lag My . Specifically, we assume that the outcome at time ¢ can only depend on treatments during

the preceding My time periods, formalized as

Assumption A.5 (Limited temporal carryover effect). There exists positive integer My such that for
W,, W,, for which w,, = w,._forallT =t — My +1,...,t — 1,t, it holds that Y,,(w,;) = Y,..(w,).
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We start by defining region and time specific estimands that are as closely related to the estimands
defined in Section 3. We again focus on point pattern treatments and outcomes and on estimands that
represent the number of outcome active locations in each region. For simplicity we focus on the scenario
where the temporal carryover lag My and the intervention length M are both equal to 1, but we note that
the results would also follow in all scenarios where M > My

Let F}, be a stochastic treatment assignment that is constant across regions. The stochastic inter-
vention can depend on baseline covariates of the regions, but we refrain for explicitly denoting that for

simplicity. We define the expected number of outcome active locations at region 7 at time ¢ as

Nou(F,) = / N (Yo (W oy, ) ) dF, (1) = / N, (Y (wr) ) dF, (1r0),
where we define the estimand as in the first equation to be more closely related to the estimands in §3,
and the second equation holds because of Assumption A.5 for My = 1. We specify region-specific

estimands, averaged over time, as
T
1
Ni(F) = 2 0 Nl ),

t=1

and estimands averaged over region and time as

Nl

> =) Na(E).

r=1 t=1

=vl i

N(E) = " No(Fy) =

B.5.2 Estimators for independently-acting regions Like in Section 4, assume that /', admits density
fn. Based on Assumption A.4, we can separate the treatment assignment over all regions to the treatment

assignment of each region separately, as

et(wt) = H €rt(wrt)

where e, (W) = f(Wy = wyy | Fr(t—l)) is the region-specific propensity score. We propose corre-

sponding region and time-specific estimator

Nou(F,) %NT(YM),
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where we use N,.(Y;;) to denote the number of outcome active locations in the observed outcome for

region 7 at time t. We also propose the corresponding estimators averaged over time and over regions as

T

— %Zﬁrt(Fh) and N(F,) = %ZNT(F;L)-

t=1 r=1

B.5.3 Consistency and asymptotic normality for independent-acting regions We will show the
consistency and asymptotic normality of these estimators when the propensity score is known for an
increasing number of independently acting regions. The proof here follows closely the proof in Pa-
padogeorgou et al. (2019) for weighting estimators under a known propensity score and for stochastic
interventions. We do not show the asymptotic properties of an estimator based on a correctly spec-
ified parametric propensity score, since, once the baseline conditions for the known propensity score
are established, the proof for the estimated propensity score would resemble the corresponding proof in
Papadogeorgou et al. (2019).

To establish the asymptotic properties for an increasing number of regions, we first assume that our
observed regions are a random sample from some super-population of regions. Let (V,7, X,7, W,7)
be a draw from a super-population distribution F'*?. We assume that Assumption A.4 holds over F'P
and we make the following super-population positivity assumption for the independent regions (which

resembles the one in Assumption 2):

Assumption A.6 (Positivity of treatment assignment in the super-population). There exists oy such that

ert(Wpy) > 0w - frn(wy) for all treatment point patterns w,,.

We also assume that there is a bounded number of outcome active locations within each region, similarly

to Assumption A.1(a), but region-specific:

Assumption A.7. There exists 6y > 0 such that N, (Y, (wW,;)) < dy with probability 1 over F*F, where

w, is any possible treatment path.

Theorem A.4. If Assumptions A.4, A.5 and A.6 hold, then, for R — oo, N (E),) is consistent for N(F),)
and VR (N(Fh) — N(Fh)> — N(0,0%), for some 0® > 0, where N(F)) is the super-population esti-
mand defined as N(F),) = Epw [N.(F),)].

Proof. LetD, = (WT, ?T, YT) denote all observed data for region r, and D = (D;, Ds, ..., Dr). We

define
(08 (D'rnu ( Z efht rt)) -
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and UV (D; ) = ZrTzl Y (D,; p). Then obviously the estimator i = ]V(Fh) is the solution to W z(D; pu) =
0. Then we calculate the solution to ¥**(u) = Epsp (¢, (D,; 1)) = 0 which is equal to

T

_1 S Ere [f’l(w’“t) NT(Y”)]

_ 1 o e - :
a T Z /er Xy /'lU'rl /wﬂ Wit €rt(w t) NT(Y;t(wrt)) ar p(y’”T’ /) wrt)

/ny Xy /wn /11/72 /w r(t—1)

{ fn(wrr)

Wit Ert (wrt)

NT(K”t(th))fWrt(w’l’t | W (t—1) — wrt 1) era TT) dwrt:|

dFSp(era T wr(t 1))

T
1 (wyt) - _
= — N?" )/7» T + T H']‘ — d T
T Z/y,«T,X /w / /w(t 1) [ wyy Ert th) (Fru(2r)) Fo (0 | . 1)> v t}

AF*?(Y,7r, X7, Wy-1))  (From Assumption A.4)

T
- %Z/ — / / o / |: fh(wrt)Nr<Y;“t<wrt)) dwrt dr p(er> rTawr(t 1))
t=1 Y Vr1, Xrr Jwr1 Jwr2 Wyt—1) LJ wre
(From the definition of the region-specific propensity score)
1 J
== > Epe [Nu(F,)]

Consistency We use an alteration of Lemma A in Section 7.2.1 of Serfling (1980). Since ,.(D,; u) is
monotone in p with 0v,.(D,; u) /O = —1 < 0, we have that ¥g(D; 1) and U*P(u) are also monotone
which implies uniqueness of their roots, /i and . From the strong law of large numbers we have that

Ur(D; p) 3 WP(1), and
(WP (1) — U (po)| = |0 (1) — Wr(E)| < sup [UF(u) — Wr(u)] — 0,
M

as

which, by the uniqueness of the roots for U*” and Wy implies that N (F,) = N(F},) and N (F),) is
consistent for N(F),).

36



Asymptotic normality For asymptotic normality we will use Theorem A in Section 7.2.2 of Serfling
(1980). We have already shown that 1 is an isolated root of W*(1) = 0 (since it is unique) and that
¥ (D,; 1) is monotone in p. We also have that W*? (1) is differentiable in p with %\IISP (u) = —1#0.
Lastly we will show that Ersp [¢)?(D,; )] is finite in a neighborhood of 1. To do so, consider p in an
e-neighborhood of ju, 11 € (p10 — €, pto + €). Then

EFsp [wg(pr, ,u)] = EFsp

== EFsp

2

<mw{1§th”Mum+m

— (Triangle inequality)
_T =1 ert(Wrt> g q y
(1 & (W) : 1 (W)
= Fpad | = P NL(Y, 1+ 2\l Epe | = R N(Yo) |+
F _T;GM(WM> ( t) ‘:u‘ F T;ert(Wn) ( t) 1%
1 & i 1 &
L™ t=1 t=1

where we used that all terms in the summation are positive along with Assumptions A.6 and A.7. Since
i€ (po + €, po + €) it is bounded, so the expectation above exists.

Then, since all the conditions of the theorem are satisfied we have that
VE(N(F,) = N(F,)) = N(0.6),
where 0'2 = EFsp W?(Dm /Lo)] O

C The Hajek Estimator

The standardization of weights used in the Hajek estimator is known to be effective in the settings where
the weights are extreme. Its sample boundedness property guarantees that the resulting estimate is always
within the range of the observed outcome. In our case, the Hijek estimator replaces the division by

T — M + 1 with that by Zf: 1 Wy where wy is the product of fractions in Equation (6). For example,

~

T
1 N
NB(F;y)Héjek = T—ZNBt(F,V)
D ienr We hp
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The new martingale theorem stated in Theorem A.3 can be used in future research to show that the
Héjek estimator is consistent and asymptotically normal, and derive the functional form of its asymptotic
variance. However, for now, we use a heuristic approach to estimating the variance bound of the Hajek
estimator. Since the Héjek estimator simply rescales the corresponding IPW estimator by (7" — M +

1)/ ZtT: A We, we scale the variance bound derived for the estimator by [(T'— M + 1)/ (ZtT: v We)]?

D Sensitivity analysis

In this section we discuss sensitivity analysis for the [PW estimators. In the main text of the manuscript
we discuss sensitivity analysis for the Hajek estimator, which is admittedly a much harder problem due
to the standardization of weights performed in the Héjek correction.

In this section we discuss sensitivity analysis based on the IPW estimator. We quickly see that
bounding the estimator for different amounts of propensity score misspecification I' can be directly
achieved by solving a linear program. We can similarly bound the causal effect estimator exactly. In
contrast, in the main text, bounding the value of the Hajek estimator requires additional tools to transform
the problem to a linear program. This transformation forbids us from bounding the effect estimator

exactly and forces us to acquire possibly conservative bounds for the effect estimator (see Theorem 4).
D.1 For the IPW estimator

We focus again on bounding the estimators for intervention over a single time period, though extensions
to multiple time periods are direct, and discussed in more detail for the Hijek estimator in Appendix D.2.

The IPW estimators that use the correct propensity score can be written as:

N,(F,) = Z pr wi(F,) Np(Y;), and
t=1

To(Fpys Fny) = Zpt Wt FhQ)NB(Yt _—Zpt Wy Fhl)NB(Yt)

= D (B ()] T

where

 fa (W)
wy(F,) = T and Np(Y;) _/ > Ky(Jw—sl)d

SESY

Both of the IPW estimators N p(Fy,) and 7, (F), , F},)) are linear in p, so finding their maximum/minimum

over p; € [[71, T']T for each t is a linear problem and can be easily solved.
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D.2 For the Hajek estimator

The standardization of the weights in the H4jek estimator implies that maximizing/minimizing the value
of the estimator is no longer linear in p;. This is evident in the form of the Hajek estimator for the number

of points and the effect in a region, defined respectively as

23:1 pr wi(F,) NB(Yt) Zthl Pt wt<Fh2) NB(Y;) . Zthl Pt wt(Fh1> NB(YD

d
ZtT:1 pr wi(Fy,) " 25:1 Pt wt(th) ZtT:1 Pt wt(Fhl)
where W
wy(F,) = Z((WZ)) and  Ny(V;) = /B S Ky(lw — sll)dw.

SESYt

Theorem 4 states that bounding the estimator for the expected number of points Np(Fh) can be
transformed to a linear problem. However, the standardization of weights in the Héjek estimator and the
fact that our estimator is the difference of two linear fractionals forbids us to see the problem of bounding

the effect estimator 7,(F), , F}, ) the same way.

Proof of Theorem 4. We view the problem of bounding N p(F},,) as a maximization/minimization prob-
lem of a linear fractional with positive denominator. These problems have been previously studied, and it
has been shown that they can be transformed to a linear programming problem using the Charnes-Cooper
transformation (Charnes and Cooper, 1962). The theorem states this transformation in the context of our
estimator.

For the problem of bounding the effect estimator, the objective can be written as,

? (F F ) o ZZ‘ZI pt wt(th) NB(}Q) o Z?:l pt wt(Fhl) NB(E)
h1'+ ho) —
P ZZ:l Pt wt(th) ZtT=1 Pt wt(Fhl)
- NP(th) - NP<Fh1)'

Thus, maximizing 7,(F), , F},) over p € [[~', T']" is equivalent to maximizing Np(Fh )— ]V,,(Fhl) over
the same region for p. Since the space (pi, p2) € 71, T]?T includes (p;, p2) where p; = p, as a

subspace, we have that

pe[l—1,7 (p1,p2)€[T—L1,T2T

~

= max {NPQ(FhQ)}— min {Pl(FIn)}?

p2€[l~LIT

max {N(F,) = Np(F)} < max AN (F,) = Nu(F,)}
by
p1el-1 0T

where the last equality holds since N, p;(F},.) > 0. Similarly, we can derive the bound for the minimum

J

of 7,(F),,, F},,)- ]
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Next, we derive similar conservative bounds for the estimators corresponding to the interventions
over multiple time periods. Recall that the Héjek estimator for the number of events in region B under a
stochastic intervention is given by,

Ju(W;

> wi(FM) Np(Y) where (M) — : )
S we(FM) ; W) = jtl__][wﬂ e; (W)

So, our sensitivity analysis would search to find the bounds of

-~

5,y = 2 (T ) w2 N4

Star (T arin ) wi( )

over p € [} T]. Since each p; can take a value in [[~!, T'], the sensitivity analysis weights in the
Hajek estimator for multiple time periods, [[,_, ., pj, take a value in [[=M T'M], Therefore the set
{a € [["™ TM]} includes all vectors of length 7' whose t" entry can be written as H;Zt* a1 P for

some vector p. Using the argument similar to that of Theorem 4, we have

min {N,,(F%)} > min {ZtT:M o wi(FyY) NB(Yt) } ,

1 T
pEl 1T aeg[l—M M) S e wi(FM)

S0 we(FM) Np(Yy) }
ZtT:M Qy wt(FfJLw)

pe[l~L.T] ac[l—M M)

max {NP(F%)}S max {

The quantities on the right can be computed by turning the linear fractional problem to a linear problem
via the Charnes-Cooper transformation. Then, we can use these quantities as the conservative bounds for
the minimum and maximum of our target quantities. Based on these bounds, we can again use Theorem 4
to acquire conservative bounds of the effect of changing the intervention for interventions over multiple

time periods.

E Additional Simulation Results on the Iraq-based scenario

E.1 Asymptotic Variance and Bound, and Estimated Variance Bound

Figure 5 shows the average (over 200 simulated data sets) of the true asymptotic standard deviation
and true bound as well as the estimated standard deviation bound of the IPW estimator for the average
potential outcome using the true propensity score, for interventions taking place over M € {1, 3} time
periods. Figure A.2 is a similar plot for the interventions taking place over M = 1,3, and 7 (rows) time
periods, and observed time series of length 7" = 200, 400, 500 (columns). These plots show the median

and interquartile range of the asymptotic standard deviation, true bound, and estimated bound over 200
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simulated data sets.

We begin by focusing on low uncertainty scenarios, corresponding to the interventions taking place
over M = 1 or 3 time periods with the distribution resembling the actual data generating mechanism.
We think that the intervention distribution resembles the data generating mechanism in scenarios where
the intervention intensity is close to 5, which is the average number of treatment-active locations for
the data generating process. In these scenarios, the asymptotic variance bound is distinctly higher than
the true asymptotic variance, indicating that the inference based on the true asymptotic bound would be
conservative. We find that in these low uncertainty scenarios, the estimated bound is close to the true
bound. For that reason, we would expect the confidence intervals for the IPW estimator based on the
estimated bound to have a higher coverage probability than its nominal coverage (see Appendix E.2 for
the coverage results).

In contrast, under high uncertainty scenarios such as the interventions over longer time periods,
e.g., M = 7, the asymptotic standard deviation and theoretical bound are essentially indistinguishable.
However, under these scenarios, the estimate of the theoretical bound tends to be biased downwards,
suggesting that the confidence intervals for the IPW estimator based on the estimated bound would be
anti-conservative. Furthermore, we expect it to take a longer time series in order for the estimated bound

to converge to its theoretical value when the intervention takes place over a longer time period.
E.2 Coverage of the Confidence Intervals for the IPW and Hajek Estimators

IPW estimator. The results in Figure 5 indicate that the coverage of confidence intervals based on the
asymptotic variance bound should be similar to those based on the true variance under high uncertainty
scenarios, while they should be slightly higher under low uncertainty scenarios. Furthermore, confidence
intervals based on the estimated variance bound should yield coverage probability close to (lower than)
the coverage achieved using the theoretical bound under low (high) uncertainty scenarios.

These expectations are indeed reflected in the coverage results shown in Figure A.3. Except when
M = 30, the confidence interval for the IPW estimator based on either the true asymptotic variance or
the true variance bound has a coverage of about 80% or higher. However, when M = 30, the confidence
intervals based on the true asymptotic variance have a coverage below 60% or less, indicating that for
interventions taking place over longer time periods, more data are needed to make use of the asymptotic
approximation. However, these results are based on the true variance and variance bound, and instead
inference would be based on the estimated variance bound. The under-estimation of the variance bound
in high uncertainty scenarios found in Figure A.2 leads to the under-coverage of the confidence intervals
based on the IPW estimator when using the estimated variance bound, especially when the interventions

take place over long time periods.
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Figure A.2: Asymptotic Standard Deviation and Bound, and Estimated Bound. This figure shows the
true asymptotic standard deviation (blue circles), the true asymptotic bound (orange triangles), and the
estimated bound (green rhombuses) of the IPW estimator for the average potential outcome using the true
propensity score, under interventions that take place over M = 1,3 and 7 time periods (rows), and for
increasing length of the time series (columns). The horizontal axis shows the intensity of the intervention
at each time period. The points show the median value, and the rectangles show the interquartile range
over 200 simulated data sets.
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Figure A.3: Coverage of the IPW Estimator 95% Confidence Intervals. This figure shows the coverage
of 95% confidence intervals for the average potential outcome over B = (2 based on the [IPW estimator
using the true variance (blue lines open circles), the true bound (orange lines with triangles), and the
estimated bound (green lines with rhombuses), for interventions taking place over M € {1,3,7,30}
time periods (rows) and increasing length of the observed time series (columns).

Hajek estimator. Motivated by the good performance of the Hajek estimator shown in Figure 4, we
also investigate the coverage probability of the 95% confidence interval as described in Appendix C. The
rows of Figure A.4 show the coverage results for increasingly small regions, whereas the columns show
the results for increasingly long observed time series (7' = 200, 400, 500). Different colors correspond

to the coverage results under interventions taking place over M = 1 (black), 3 (green), 7 (red), and 30
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Coverage of the Hajek estimator for the average potential outcome
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Figure A.4: Coverage of the Hajek Estimator’s 95% Confidence Intervals for the Average Potential
Outcomes under Various Interventions. We vary the intervention intensity A (horizontal axis), and the
length of intervention M = 1, 3,7, 30 (different lines). Each row represents the coverage for different
regions of interest, i.e., By = [0, 1]%, By = [0,0.5]? and B; = [0.75, 1], whereas each column represents
the length of time series, i.e., 7' = 200, 400 and 500.

(blue) time periods. We find that the coverage is above 90% for all combinations of 7" and M for the two
largest regions, even when an intervention takes place over 30 time periods. We find that the coverage is

lower for the smallest region.
E.3 Uncertainty Estimates

Here, we show that the estimated standard deviation for the Hajek estimator outperforms that for the
IPW estimator under many simulation scenarios.

We compute the standard deviation of the estimated average potential outcome across simulated
data sets and compare it with the mean of the standard deviations, each of which is used to create the

confidence intervals. The similarity of these two quantities implies the accuracy of our uncertainty

44



IPW estimator using the true propensity score
B1 B1
T =200 T =400

B3 B3 B3
T =200 T =400 T =500
6-
4- \//\
1 - S S S N S S
L S A__A___Af——é/é
3 4 5 6 7 3 4 5 6 3 4 5 6 7
Hajek estimator
B1 B1 B1
T =200 T =400 T =500
1.4
1.2
1.0
0.8
0.6
0.4 . f
0.2 > s
B2 B2 B2
T =200 T =400 T =500
14
1.2
1.0
0.8
0.6- * + +
04- e o
0.2
B3 B3 B3
T =200 T =400 T =500
14- T S . s I &
12- w A\\Q\L s - e —
161 Q_Q__’_*__Q__.__.—é:—é
0.8-
0.6-
0.4-
0.2-

3 4 5 6 7 3 4 5

Intervention intensity

M —-— 14 3 =% 7

45

6

Figure A.5: Comparison of the Estimated and True Uncertainty for the Inverse Probability of Treatment and
Héjek Estimators. Each plot presents the ratios between the standard deviation of each estimator and the mean
estimated standard deviation across simulated data sets. A value smaller (greater) than 1 implies overestimation
(underestimation) of uncertainty. The top (bottom) panel presents the results for the IPW (H4jek) estimator with
the varying intensity under the intervention (horizontal axis) and for the whole country B; (first and forth row) and
two sub-regions, B (second and fifth row) and Bs (third and sixth row). We also vary the length of intervention,
M = 1,3,7 and 30 time periods (black, green, red, and blue lines, respectively). The columns correspond to
different lengths of the time series 7" = 200, 400 and 500.



estimates. Figure A.5 presents the results as the ratio of these two quantities. A value below (above) 1
indicates that the true variability in our point estimates is smaller (greater) than our uncertainty estimate.

While the ratios are always below 1 for the Hajek estimator for the two largest regions B; and B,, they
are almost always above 1 for the IPW estimator (top panel). This is consistent with the above results,
showing that we tend to overestimate (underestimate) the uncertainty for the Hajek (IPW) estimator. We
find that the confidence interval for the Hajek estimator tends to be most conservative when M is small
and the region of interest is large. For the IPW estimator, the degree of uncertainty underestimation
decreases as the length of time series 7" increases but increases as the length of intervention )M increases.
In fact, when M = 30, some of the ratios are as large as 20 (hence they are not included in the figure).
The results suggest that in practice the Hijek estimator should be preferred over the IPW estimator

especially for stochastic interventions over a long time period.
E.4 Covariate Balance

We evaluate the balance of covariates based on the estimated propensity score by comparing their p-
values in the propensity score model, and in a model with functional form as in the propensity score
model but weighted by the inverse of the estimated propensity score. The left plot of Figure A.6 shows the
p-value for the previous outcome-active locations, which are one of the time-varying confounders, across
200 simulated data sets. Evidently, the p-values in the unweighted model are close to 0, indicating that
previous outcome-active locations form an important predictor of the treatment assignment. However,
in the weighted model, the p-values of the same confounder are more evenly distributed across the (0, 1)

range, indicating that this confounder is better balanced in the weighted time series.

F Additional simulations on a square geometry

F.1 The Simulation Design

We also consider a time series of point patterns of length 7' € {200, 400,500} on the unit square,
2 =0, 1] x [0, 1]. For each time series length 7", 200 data sets are generated with the following design.

Time-varying and time-invariant confounders. Our simulation study includes two time-invariant and
two time-varying confounders. For the first time-invariant confounder, we construct a hypothetical road
network on () using lines and arcs, which is highlighted by bright white lines in Figure A.7a. Then,
we define X! (w) = 1.2exp{—2D;(w)} where D;(w) is the distance from w to the closest line. The
second time-invariant covariate is constructed similarly, as X?(w) = exp{—3Dy(w)} where Dy(w) is
the distance to the closest arc. In addition, the time-varying confounders, X3(w) and X}(w), are defined

based on the exponential decay of distance to the closest point; these points are generated according to a
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Figure A.6: Balance of the Previous Outcome-Active Locations in Treatment Model. Each point shows
the relative magnitude of the p-value for the previous outcome-active locations in the unweighted propen-
sity score model (horizontal axis) over that of the model weighted by the inverse of the estimated propen-
sity score (vertical axis).

non-homogeneous Poisson point processes with the following intensity function
N () = exp { g+ pIX (W)}, 7= 3,4,

where p? = 1, and p] = 1.5. Figure A.7b shows one realization of X} (w).

Spatio-temporal point processes for treatment and outcome variables. We again generate treatment
and outcome point patterns from non-homogeneous Poisson processes that depends on all confounders,
and the previous treatment and outcome realizations. The functional specification of the Poisson process
intensities is the same as in Section 6. The model gives rise to an average of 5 observed treatment-active

locations and 21 observed outcome-active locations within each time period.

Stochastic interventions. We consider interventions of the form F based on a homogeneous Poisson
process with intensity A that is constant over 2 and ranges from 3 to 7. We consider various lengths
of each intervention by setting M € {1,3,7,30}. The second intervention we consider is defined over
the three time periods, i.e., F, = F; X F; X F, with M = 3. The intervention for the first time
period £}, is a homogeneous Poisson process with intensity i3 ranging from 3 to 7, whereas F, = F;
is a homogeneous Poisson process with intensity equal to 5 everywhere over ). For each stochastic
intervention, we consider the region of interest, denoted by set B, of three different sizes: B = ) =
[0,1] x [0,1], B =10,0.5] x [0,0.5], and B = [0.75, 1] x [0.75, 1].
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Figure A.7: Simulated Confounders. Panel (a) shows one of the two time-invariant confounders rep-
resenting the exponential decay of distance to the road network. Panel (b) shows one realization for
one of the time-varying confounders. Points X are generated from a non-homogeneous Poisson process
depending on the road network in (a). Then, the time-varying confounder is defined as the exponential
decay of distance to the points X.

Estimand and estimation. Approximating the true values of the estimands and estimation is performed
as described in Section 6. In these simulations, for 7" = 500 (the longest time series in our simulation
scenario) the spatial smoothing bandwidth is approximately equal to 0.16, smaller than the size of the
smallest B (which is equal to [0.75, 1]?).

Variance and its upper bound. We base calculation of the theoretical variance and the variance bound
on Theorems 1 and A.1, and use Monte Carlo approximations to compute these, as in Section 6. We also

use Lemma 1 We use Lemma 1 to estimate the variance bound.

Covariate balance. As in Section 6, we use weighted regression by the estimated propensity score to

investigate covariate balance.
F.2 Simulation Results

Estimation. Figures A.8 and A.9 present the results. In Figure A.8, the top panel shows how the (true
and estimated) average potential outcomes in the whole region (B = (1) change as the intensity varies
under the single time period interventions. The bottom panel shows how the true and estimated average
potential outcomes in the sub-region [0.75, 1]? change under the three time period interventions when the
intensity at three time periods ago ranges from 3 to 7. For both simulation scenarios, we vary the length
of the time series from 200 (left plots) to 500 (right plots).

As expected, the unadjusted estimates (green crosses) are far from the true average potential out-

come (black solid circles) across all simulation scenarios. In contrast, and consistent with the results of
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Figure A.8: Simulation Results for the True and Estimated Average Potential Outcomes. In the top
panel, we present the true and estimated average potential outcomes in the entire region B = () under
single-time interventions with the varying intensity (horizontal axis). In the bottom panel, we consider
the average potential outcome in the sub-region B = [0.75, 1]? for the intervention F},, with M = 3, the
varying intensity of £}, (horizontal axis), and F), , F/, intensity set to 5. The black lines with solid circles
represent the truths, while the other dotted or dashed lines represent the estimates; the estimator based on
the true propensity score (purple triangles), the unadjusted estimator (green crosses), the estimator based
on the estimated propensity score (blue x’s), the Hajek estimator based on the estimated propensity score
(orange rhombuses).
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Figure A.9: Simulation Results for the Interventions of Increasing Time Lengths. Rows correspond to
the interventions taking place over M = 3,7, and 30 time periods. Columns correspond to the increasing
length of the time series from 200 (left plots) to 500 (right plots). The vertical axis shows the change
in the expected number of the outcome active locations over [0.75, 1] for a change in the intervention
intensity from 3 under h; to the value shown in the horizontal axis under hy, for M time periods. The
points in the plot show the median estimate over 200 data sets, and the rectangles show the interquartile
range of estimates. Only the Hijek estimates are shown for M/ = 30 as the extremely small weights
arising from a large number of time periods make the estimates from the other estimators close to zero.
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Theorems 1 and A.1, the accuracy of the proposed estimator (purple triangles based on the true propen-
sity score, blue x’s based on the estimated propensity score) improves as the number of time periods
increases. We note that the convergence is slower when M = 3 than M = 1.

Figure A.9 shows the performance of the estimators for the interventions over many time periods.
The plots show the estimated change in the number of outcome-active locations over the sub-region B =
[0.75, 1] for a change in the stochastic intervention from 3 per time period to the value on the horizontal
axis. The rows correspond to the interventions over M = 3,7, and 30 time periods, respectively, whereas
the columns represent the different lengths of time series, 1.e., 7' = 200,400 and 500. The results are
shown for the IPW estimators based on the true propensity score (purple lines with open triangles) and
the estimated propensity score (blue lines with x’s) as well as the Hjek estimator based on the estimated
propensity score (orange lines with open rhombuses). Only the Héjek estimates are shown for M = 30
as the extremely small weights arising from a large number of time periods make the estimates from the
other estimators essentially equal to zero. The lines and points in the plot show the median estimate and
the rectangles show the interquartile range of estimates across 200 simulated data sets.

Again, as in the simulations of Section 6, we find that the Héjek estimator performs well across all

simulation scenarios, whereas the IPW estimator tends to suffer from extreme weights.

The variance and its bound. Next, we compare the true theoretical variance, v/7T, with the variance
bound v* /T and its consistent estimator (see Lemma 1). We again focus on the proposed estimators with
the true propensity score. Figure A.10 shows the results of an intervention F for M = 1,3 and 7, for
region B = [0, 0.5]2, and observed time series of length 7' = 200, 400, 500. These plots show the median
and interquartile range of the asymptotic standard deviation, true bound, and estimated bound over 200
simulated data sets.

The conclusions are similar to the main manuscript. As expected, the true variance decreases as the
total number of time periods increases. We start by focusing on low uncertainty scenarios, corresponding
to the interventions taking place over M = 1 or 3 time periods with the distribution resembling the actual
data generating mechanism. We think that the intervention distribution resembles the data generating
mechanism in scenarios where the intervention intensity is close to 5, which is the average number of
treatment-active locations for the data generating process. In these scenarios, the asymptotic variance
bound is distinctly higher than the true asymptotic variance, indicating that the inference based on the true
asymptotic bound would be conservative. We find that in these low uncertainty scenarios, the estimated
bound is close to the true bound. For that reason, we would expect the confidence intervals for the [IPW
estimator based on the estimated bound to have a higher coverage probability than its nominal coverage.

In contrast, under high uncertainty scenarios such as the interventions over longer time periods,
e.g., M = 7, the asymptotic standard deviation and theoretical bound are essentially indistinguishable.

However, under these scenarios, the estimate of the theoretical bound tends to be biased downwards,
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Figure A.10: Asymptotic Standard Deviation and Bound, and Estimated Bound. This figure shows the
true asymptotic standard deviation (blue circles), the true asymptotic bound (orange triangles), and the
estimated bound (green rhombuses) of the IPW estimator for the average potential outcome using the true
propensity score, under interventions that take place over M/ = 1,3 and 7 time periods (rows), and for
increasing length of the time series (columns). The horizontal axis shows the intensity of the intervention
at each time period. The points show the median value, and the rectangles show the interquartile range
over 200 simulated data sets.
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suggesting that the confidence intervals for the IPW estimator based on the estimated bound would be
anti-conservative. As the length of time series increases, the estimated variance bound more closely
approximates its theoretical value (consistent with Lemma 1), but we expect it to take a longer time
series in order for the estimated bound to converge to its theoretical value when the intervention takes

place over a longer time period.

Coverage. These results on the asymptotic variance and variance bound lead to similar conclusions
with respect to the coverage of 95% confidence intervals of the IPW estimator.

The coverage results are shown in Figure A.11. We find that, except when M = 30, the confidence
interval for the IPW estimator based on either the true asymptotic variance or the true variance bound has
a coverage of about 80% or higher. This implies that the asymptotic normality established in Theorem 1
provides an adequate approximation to the estimator’s sampling distribution for small or moderate values
of M. However, for M = 30, the confidence interval for the IPW estimator is anti-conservative due to
the fact that the weights, which equal the product of ratios across many time periods, become extremely
small. In addition, the underestimation of the variance bound in high uncertainty scenarios found in
Figure A.10 leads to the under-coverage of the confidence intervals based on the IPW estimator and
using the estimated variance bound, especially when the interventions take place over long time periods.

We also investigate the coverage probability of the 95% confidence interval for the Hajek estimator.
The rows of Figure A.12 show the coverage results for increasingly small regions, i.e., B; = [0, 1]2, By =
0,0.5]%, and Bs = [0.75, 1]?, whereas the columns show the results for increasingly long observed time
series (1" = 200, 400, 500). Different colors correspond to the coverage results under interventions taking
place over M = 1 (black), 3 (green), 7 (red), and 30 (blue) time periods. We find that the coverage is
above 85% for all cases, even when an intervention takes place over 30 time periods. As expected, the
coverage is higher for smaller values of M, since these correspond to lower-uncertainty situations. We

also find that the coverage is lower for smaller regions.

Comparison of Monte Carlo and estimated variance We find that the confidence interval for the
Hiéjek estimator has a better coverage probability even for the interventions over long time periods.
Here, we show that the estimated standard deviation for the Hajek estimator outperforms that for the
IPW estimator under many simulation scenarios.

Figure A.13 shows the ratio of the standard deviation of the estimated average potential outcome
across simulated data sets over the mean of the standard deviations. A value below (above) 1 indicates
that the true variability in our point estimates is smaller (greater) than our uncertainty estimate. While
the ratios are always below 1 for the Héjek estimator (bottom panel), they are almost always above 1 for
the IPW estimator (top panel). This shows that we tend to overestimate (underestimate) the uncertainty
for the H4jek (IPW) estimator. Further, we find that the confidence interval for the Hajek estimator tends

to be most conservative when M is small and the region of interest is large. For the [PW estimator, the
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Figure A.11: Coverage of the IPW Estimator 95% Confidence Intervals. This figure shows the coverage
of 95% confidence intervals for the average potential outcome over B = (2 based on the [IPW estimator
using the true variance (blue lines open circles), the true bound (orange lines with triangles), and the
estimated bound (green lines with rhombuses), for interventions taking place over M € {1,3,7,30}
time periods (rows) and increasing length of the observed time series (columns).

degree of underestimation decreases as the length of time series 7" increases but increases as the length
of intervention M increases. In fact, when M = 30, some of the ratios are as large as 20 (hence they are
not included in the figure). The results suggest that in practice the Hajek estimator should be preferred

over the IPW estimator especially for stochastic interventions over a long time period.
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Coverage of the Hajek estimator for the average potential outcome
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Figure A.12: Coverage of the Hédjek Estimator’s 95% Confidence Intervals for the Average Potential
Outcomes under Various Interventions. We vary the intervention intensity A (horizontal axis), and the
length of intervention M = 1, 3,7, 30 (different lines). Each row represents the coverage for different
regions of interest, i.e., By = [0, 1]%, By = [0,0.5]? and B; = [0.75, 1], whereas each column represents
the length of time series, i.e., 7' = 200, 400 and 500.

Balance. As in the simulations in the main manuscript, we find that the p-values of one of the con-
founders (Y;*; in Equation(12)) are substantially greater in the weighted propensity score model than
in the unweighted model, where the weights are given by the inverse of the estimated propensity score

(shown in Figure A.14).

G Additional Empirical Results

G.1 Visualization

As discussed in Section 7.1, we consider a stochastic intervention whose focal point is the center of

Baghdad. The degree of concentration is controlled by the precision parameter o whose greater value,
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IPW estimator using the true propensity score
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Figure A.13: Comparison of the Estimated and True Uncertainty for the Inverse Probability of Treatment and
Héjek Estimators. Each plot presents the ratios between the standard deviation of each estimator and the mean
estimated standard deviation across simulated data sets. A value smaller (greater) than 1 implies overestimation
(underestimation) of uncertainty. The top (bottom) panel presents the results for the IPW (H4jek) estimator with
the varying intensity under the intervention (horizontal axis) and for the whole region B; (first and forth row) and
two sub-regions, By = [0, 0.5]% (second and fifth row) and B3 = [0.75, 1]? (third and sixth row). We also vary
the length of intervention, M = 1,3,7 and 30 time periods (black, green, red, and blue lines, respectively). The
columns correspond to different lengths of the time series 7' = 200, 400 and 500.
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Figure A.14: Balance of the Previous Outcome-Active Locations in Treatment Model. In the left plot,
each point shows the relative magnitude of the p-value for the previous outcome-active locations in the
unweighted propensity score model (horizontal axis) over that of the model weighted by the inverse of
the estimated propensity score (vertical axis). The right plot shows the distribution of the estimated
coefficient of the previous outcome-active locations in the weighted propensity score model.

Figure A.15: Visualization of Intensity under Stochastic Interventions whose Focal Point is the Center
of Baghdad. Across plots, we vary the degree to which the airstrikes are concentrated around the focal
point using the precision parameter, while the expected number of airstrikes is held constant at 3 per day.

implying that more airstrikes are occurring near the focal point. We vary the value of a from O to 3,
while keeping the expected number of airstrikes constant at 3 per day. Figure A.15 illustrates intensities
for the different values of . The first plot in the figure does not focus on Baghdad at all, representing the
baseline spatial distribution ¢. As the value of « increases, the spatial distribution of airstrikes becomes

concentrated more towards the center of Baghdad.
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Type (Fyw, Fnr) M Outcome Iraq Baghdad Outside Baghdad
3 IED -1.3(-8.2,5.7) -0.2(-2.2,1.8) -1.1(-6.2,4)

SAF -1.9(-8.9,5.2) -1.2(-3.8,1.4) -0.7 (-5.2,3.9)

Other Attack || -1.8 (-19.9, 16.4) 0.1 (-6.2,6.5) -1.9 (-13.9, 10)

Increasing the 7 IED 5(-2.6,12.7) 1.2 (-0.8, 3.3) 3.8(-1.9,9.5)
intensity SAF 10 (1.7, 18.2) 3.1(0.4,5.8) 6.9 (1.1, 12.6)
(1, 3) Other Attack 14 (-5.2,333) 5.6(-04,11.6) 8.4 (-5.1,21.9)

30 IED 11 (-1.1, 23) 3.2 (-0.1, 6.5) 7.8 (-1.1, 16.6)

SAF 14.8 (2.9,26.7) 5.9 (1.2,10.5) 8.9 (1.5,16.3)

Other Attack 33.1(3.3,62.9) 13.6 (2.7, 24.6) 19.5 (0.3, 38.6)

3 IED 2.6 (-7.2,12.5) 0.6 (-2.4,3.5) 2.1(-49,9)

SAF 2.6 (-6.7,12) 0.9 (-2.2,4.1) 1.7 (-4.8, 8.1)

Other Attack 7.5(-16,31) 3.8(-4.3,11.8) 3.7(-12,194)

Changing the 7 IED 2(-6.9,10.8) 1.1(-1.7,3.9) 09(-52,7)
focal points SAF 0.2 (-9.7,10.1) 0.6 (-2.8,3.9) -0.4 (-7.1,6.4)
0, 3) Other Attack || 3.5(-18.8,25.8) 1.7 (-6,9.4) 1.8 (-13, 16.7)

30 IED -1.2(-159,13.4) -0.7(-4.5,3.1) -0.5(-11.6,10.6)

SAF 5.7(-10,21.4) -1.3(-6.4,3.8) 7(-4.1, 18.1)

Other Attack || -3.5(-37.8,30.7) -6.6(-17.5,4.2) 3.1(-21.1,27.3)

3 IED -2.3(-10.1,5.5) -0.6(-2.7,1.5) -1.7(-7.5,4.1)

SAF -1(-9.9,8) -0.7 (-4.5, 3) -0.2(-5.5,5)

Other Attack || -3.9 (-23.6,15.8) -1.2(-8.2,5.9) -2.8 (-15.5, 10)

Lagged 7 IED 6.8 (-0.7, 14.3) 2.2 (-0.2,4.6) 4.6 (-0.6, 9.8)
effects SAF 9.4 (1.6,17.2) 3.6(1,6.2) 5.8(0.4,11.2)
1,5) Other Attack 209 (2.3,394) 8.2 (1.8,14.6) 12.7 (0.4, 24.9)

30 IED 1.5 (-3.8, 6.8) 0.3(-1,1.5) 1.2 (-2.8,5.3)

SAF 2.8(-1.8,7.3) 1.1 (-0.6, 2.8) 1.6 (-1.2,4.5)

Other Attack 5.8(-6.2,17.8) 2.2(-19,64) 3.6(-43,11.4)

G.2 Empirical Results

only, and the area outside Baghdad.

G.3 Single time point adaptive interventions
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Table A.2: Causal Effect Estimates and 95% Confidence Intervals for Various Stochastic Interventions.
We present the results for three interventions discussed in the main text: increasing the expected number
of airstrikes from 1 to 3 per day for M days, changing the focal points of airstrikes from o = 0to o = 3
for M days, and the lagged effects of increasing the expected number of airstrikes from 1 to 5 per day
M days ago. The range of M we consider is {3,7,30}. The regions of interest are Iraq, Baghdad, and
the area outside Baghdad. The results in bold represent statistically significant estimates.

Table A.2 presents the numerical effect estimates and 95% confidence intervals for various interventions,

including those shown in the main text. We also show the effect estimates for the whole Iraq, Baghdad

Adaptive intervention strategies are often of interest in longitudinal settings, where previous outcomes
might drive future treatment assignments. In our setting, these adaptive interventions would correspond

to military strategies that depend on the observed history, such as the locations of previous insurgent at-



tacks. Although we leave full development of adaptive strategies to future research, we consider adaptive
strategies that take place over a single time period, and then discuss the challenges of further extending
it to the multiple time period interventions.

Here, we design adaptive dosage interventions over a single time period that closely resemble the
observed data in terms of the expected number of airstrikes over time and their location. Using the
observed number of airstrikes over time, we fitted a smooth function of time to obtain an estimate of the
expected number of airstrikes over time, which is denoted by 77;. We used the estimated expected number
of points to define adaptive interventions under which (1) the spatial distribution under the intervention
is equal to the spatial distribution of airstrikes according to the propensity score, and (2) the expected
number of points under the intervention is set to cn;, with ¢ varying from 0.5 to 2 (representing a change
in the number of airstrikes ranging from half to double the observed values). Formally, this intervention
that depend on the observed history is given by:
cny

fQ hﬁ1<5§ﬁt)d5

ht+1(w;ﬁt) = hfil(WJHt)>
where 7} (w; H,) is the estimated propensity score intensity function. This definition of intensity en-
sures that that expected number of airstrikes at time ¢ is equal to cn; using the ratio term, and the relative
likelihood of each location w being treated is as specified in the estimated propensity score. This ap-
proach is related to the incremental propensity score of Kennedy (2019) who considered non-spatial and
non-temporal settings.

Figure A.16 shows the effect estimates for number of IED and SAF attacks in Iraq for these interven-

tions. The result shows that the estimates are too imprecise to lead to a definitive conclusion.

IED SAF

10-

e~ \\//

_lO -

50% 100% 150% 200% 50% 100% 150% 200%
Intervention target number of points

Figure A.16: Effect estimates for a change in the expected number of airstrikes from 50% n; to cny, for
c shown in the x-axis. Left plot shows effect estimates for IEDs and right plot shows effect estimates for
SAF attacks in Iraq.
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Unfortunately, the evaluation of adaptive strategies over multiple time periods rapidly becomes com-
plicated. Specifically, for interventions over multiple time periods that depend on the most recent history,
we would need to have access to intermediate potential outcomes which are unobserved. Therefore, we
would have to model the outcome process in order to predict the counterfactual outcomes that would
then inform the adaptive treatment assignment in the subsequent time periods. One advantage of our
proposed framework is its ability to incorporate unstructured spillover and carryover effects. This is
possible because our framework does not require researchers to model the outcome process. Given this
difficulty, we will leave the complete investigation of adaptive spatio-temporal treatment strategies to

future work.
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